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FOREWORD

This document is Volume I of a three volume report describing the
Reacting and Multi-Phase (RAMP2) computer code developed by the Computa-
tional Mechanirs Section of Lockheed's Huntsville Research & Engineering
Center, Huntsville, Alabama. Volume I describes the overall contractural
effort and the theory and numerical solution for the computer code. Volume
I1 provides a detailed description of all the elements used in the RAMP2
code, anc Volume III is the program user's and applications manual.

Documencation of the computer code was prepared in partial fulfillment
of 'Contract NAS9-16256 with the NASA-Lyndon B. Johnson Space Center,
Houston, Texas. The contracting officer's technical representative for this
study was Mr. Barney B. Roberts, ET4l.

The author ackuowledges the eff ‘rts of Dr. Terry F. Greemwood of NASA-
Marshall Space Flight Center and Mr. S.J. Robertson of Lockheed-Huntsville,
both of whom contributed to the deveiopment of the RAMP2 code.

Companion documents to this rerort include a users and applications
manual for RAMP2 computer code; a computer program maintenance manual for
RAMP2; a report which describes “he modifications made to the NASA-Lewis
TRAN72 computer code; the original documentation of the NASA-Lewis TRAN 72
computer code; and the original documentation of the Bourdary Layer Integral
Matrix (BLIMvJ) computer code. These documents are, respectively:

e "High Altitude Chemically ReactiLg Gas-Particle Mixtures - Volume II
- Program Manual for RAMP2," 'MSC-HREC TR D867400-II.
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"High Altitude Chemically Reacting Gas-Particle Miztures - Volume
II1I - Computer Code User's and Applications Manual,” LMSC-HREC TR
DB867400-111.

"User's Guide for TRAN72 Computer Code Modified for Use with RAMP
and VOPMOC Flowfield Codes," LMSC-HREC TM D390499.

Svehla, R.A., and B.J. McBride, "FORTRAN IV Computer Program for
Calculation of Thermodynamics and Transport Properties of Complex
Chemical Systems,” NASA TN D-7056, January 1976.

Evans, R.M., "Boundary layer Integral Matrix Procedure BLIMP-J
User's Manual,” Aerotherm UM-75-64, July 1975.
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Symbol
Al

SYMBOLS AND NOTATION

Description
parameter defined by Eq. (3.46),1/sec; area, ft2

speed of sound, ft/sec

parameter defined by Eq. (3.86¢)

parameter defined by Eq. (3.83) ,ft?'/secz/OR
drag coefficient, dimensionless

specific heat at constant pressure, ftz/secz/oR
specific heat at constant volume, ftz/secz/oR
drag force, 1bf

substantial derivative

an element of volume, ft3

unit vector, dimensionless

energy in the gas-particle system control volume,
ft¢/sec?

interpolation factor, dimensionless; or total force
acting on the system defined by Eq. (3.30)  1bf

drag coefficient parameter (CD/CD ),
dimensionless Stokes

Nusselt number parameter defined by Eq. (3.77)
dimensionless

total enthalpy, ftz/sec?'
local enthalpy, ftz/sec2

specific impulse, lbf-sec/lbm

particle heat transfer film coefficient defined by
Eq.(3.76), lbm/sec/°R/ft

thermal conductivity of gas, lbm/sec/°R

vii
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NG

NP

NS

R
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Description

Mach number, dimensionless; or momentum, lbm-ft/sec
mass flow rate, slug/sec

density of a partu‘31e based on a unit volume of
particles, slug/ft

index denoting number of discrete gaseous species
considered

index denoting number of discrete particles considered
index denoting number of discrete species

considered = NG+NP

Nusselt number, dimensionless

unit normal vector

pressure, lbf/ft2

partial pressure of species i, lbf/ft2

Prandt]l number, dimensionless

heat transferred to or from a gas-particle system
control volume, Btu

velocity, ft/sec

gas constant, ftz/secz/oR
Reynolds number, dimensionless
particle radius, ft

surface area of a gas- % rtlcle system control
volume; ft2; entropy, ft¢/sec?/°R

temperature, °R

time, sec

velocity components, ft/sec

volume of a gas-particle system control volume, ft3
work performed on or bg the gas-particle system

control volume, ft2 /sec

viii

LOCKHEED - HUNTSVILLE RESEARCH & ENGINEERING CENTER



LMSC-HREC TR D867400-1

Symbol Description
w production rate, lbm/sec
X, r position coordinates, ft
Greek
Qa accommodation coefficient, dimensionless; or Mach

angle, radiars

4] characteristic slope, radians
4% specific heat ratio, dimensionless
$ any extensive quantity of the element dv
? Kronecker delta
6 0, 1 for two-dimensional or axisymmetric flow, respectively
T viscous stress tensor, lbf/ft2
£ emissivity, dimensionless
v nabla
0 inclination of the flow vector with respect to the
x-axis, radians
M chemical potential, cal/gm
v viscosity, lbf-sec/ftz
A equation modifier
P density, slug/ft3
o surface stress tensor, lbf/ft2
o Stefan -Boltzman constant, ft‘?'/sec3
1 particle streamn funcrion, lbm-sec/ft
P indicates summation, f:
j=1
X species mass fraction
9 indicates partial derivative

ix
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Subscripts
1

Superscripts

-

Description

indicates initial data surface
indicates the quantity pertaining to species i
denotes local surface conditions

indicates the guantity pertaining to the gas-particle
mixture

indicates nth data surface
denotes nozzle wall conditions

denotes partial differentiation in the x and y (or r)
directions

denotes a vector quantity
denotes an average value over a step length

indicates the quantity pertaining to a particle specie
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1. INTRODUCTION AND SUMMARY

The overall objective of this study was to deliver a nozzle-plume flow-
field code that has capabilities which do not presently exist in a single
computer code. The RAMP code (Refs. 1 and 2), developed by Lockhzed under
government funding, was chosen as the basic code from which to work. The
basic RAMP code is of modular construction and has the following
capabilities:

e Two-phase with two-phase transonic solution

e Two-phase, reacting gas (chemical equilibrium reaction kinetics),
supersonic inviscid nozzle/plume solution

@ Operational for inviscid solutions at both high and low altitudes.

During the course of the study the following capabilities were added to the
code to produce the RAMP2 program:

o Direct interface with JANNAF SPF code (Ref. 3)

o Shock capturing finite difference nuwerical operator
e Two-phase, equilibrium/frczen, boundary layer analysis
e Variable oxidizer-to-fuel ratio tramsonic solution

e Improved two-phase transonic solution

e Two-phase real gas semi-empirical nozzle boundary layer
expansion

e Continuum limit criteria

e Sudden freeze free molecular calculation beyond the
continuum limit

¢ Interface between the Lockheed Plume Impingement Program
(PLIMP) Ref. 4.

1-1
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Most of the above capabilities already existed in other computer codes.
These codes were incorporated into the RAMP code to enhance its usefulness,
The emphasis of this effort was to improve the capability of the program to
treat phenomena which significantly affect high altitude plumes,

The contents of tinis volume along with the other two volumes (Refs, 4
and 5) are designed to enable the user to easily, efficiently, and accu-
rately apply the RAMP2 codes to calculate rocket exhaust nozzle and plume

flow fields to solve practical engineering design problems.

RAMP2 consists of three basic computational modules: the TRAN72
program for generating equilibrium thermodynamic and tramnsport data, the
RAMP2F code for solving the flow field, and the BLIMPJ code used to
calculate the nozzle boundary laver, Because of computer storage
limitations the three programs must be executed separately; however,
communication between the programs has been provided via temporary files so

that, except for separate executions, they can be considered as one program.

Detailed descriptions of the TRAN72 (Ref. 6) and BLIMPJ (Ref, 7) have
not been included, although Volume II contains a brief description of the
subroutines of each of the codcs. Section 4 of Volume III contains informa-
tion on how to use and input the TRAN72 code, and Section 5 contains s brief
discussion of the BLIMPJ code. Complete descriptions of the two codes are
available in Refs, 6 and 7,

Solid propellant motors are frequently utilized to provide .aunch
vehicle boost and stage separation. Most solid rocket motor propellants
contain metal additives which increase the energy content of the system and
suppress combustion pressure instabilities. The presence of metal additives
resulcs in condensed products in the nozzle-exhaust flow fields. This can

create a number of adverse effects.

1-2
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Condensed products (i.e., particulate aluminum oxide, etc.) being inert
can do no expansion work, Consequently the particles are accelerated
through the flow field via drag exerted on the gas by the viscous shearing
action between the gas and particulate phases, Since the particles do no
expansion work, the gas phase cools more rapidly than the particles, The
particles at any given location are thus at a higher temperature than the
gas so that heat is thus transferred from the particles to the gas by
conduction and radiation. The net result is that the gas phase exp-nds
useful work in accelerating the particles while acquiring heat from the
particles, This 1s an irreversible, non-adiabatic process in the gas phase

expansion,

Exhaust plumes create hostile environments to surfaces immersed in the
flow., These are in the form of structural loads, contamination, and
heating. Heating results from both gas and condensates impinging on the
surfaces, Particulates in the flow can also cause surface erosicn and other

structural damage.

Exhaust plume applications and plume impingement problems typically
occur during launch, staging, and rendezvous. The current Space Shuttle
design offers several illustrations of areas where exhaust plume flowfield
properties and flow structure must be known. This is schematically {llus-
trated in Fig. 1-1 which indicates potential plume related probiems from
solid rocket motors., During the Space Shuttle launch the solid rocket
booster motor exhaust plumes impinge on the launch stand hardware. While
the launch vehicle i1s in the vicinity of the launch pad, reradiation from
the launch pad to the Orbiter is a potential problem. The solid rocket
motor exhaust plume affects the Shuttle base drag and aerodynamics during
the boost phase., The solid rocket separation motors mount2d on the booster
motor's forward and aft ends that are used to effect stags separation can
potentially subject the Orbiter and external hydrogen/oxygen tank to a

rather severe environment,

1-3
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Exhaust impingement applications require & detailed definition of the
gaseous plume structure as well as particle trajectories and dynamic prop-
erties. Plume simulation studies require that plume shapes be known. The
exit plane pressure must be known along with the gas thermodynamics. To
adequately describe the flowfield properties, the mutual effect of gas om
particle and particle on gas must be calculated. Also "real gas™ effects
can be significant and should be included in the gasdynalc considerations.

Solutions for the supersonic flow of a gas-pdarticle mixture follow one
of two approaches: (a) a fully coupled solution in which momentum and
energy are exchanged between the gas and particle phases (Refs. 8, 9, and
10), and (b) an uncoupled solution (Ref. 11) in which particle trajectories
are traced tnrough nozzle-exhaust plume flows. The uncoupled solution
considers "real gas” effects; however, it treats only gas effects on the
particle and is more applicable for low aluminum conteant propellants. The
coupled solutions are primarily performance oriented. These solutions
readily permit treatment of highly aluminized propellants but are restruc-
tured to constant thermodynamic properties. The performance code developed
by Kliegel (Ref. 10) was subsequently utilized to trace liquid droplets in
predicting contamination to surfaces (Ref. 12).

Applications discussed previously require a knowledge of the flowfield
structure. Previous studies (Refs. 13, 14, and 15) indicated the need to
include the treatment of "real gas” effects in nozzle-plume calculatioms.
The decision was subsequently made to extend the coupled gas-particle
solution (Refs. 8 and 9) to include the treatment of gas thermochemistry
(chemical equilibrium and chemical kinetics). The choice of ccmputation
scheme and computer code becomes more obvious after examination of antici-

pated applications.

1-5
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The metnod-of~characteristics has proven to be a reliable numerical
solution for nozzle~plume applications (Ref. 16). Existing gas-particle
performance codes utilize the method of characteristics which indicated that
an operational nozzle-exhaust plume code could be obtained with a minimum of
numerical solution development. The gas-particle capability has been in-
corporated into a streamline-normal code (Ref. 17) which utilizes the method
of characteristics to solve for local flow properties. There are several

reasons for choosing this approach;

o Numerical difficulties encountered in highly expanded
flow are circumvented.

e The streamline-normal technique has a built-in
mechanism for tracing particle streamlines.

e Transition flow between the continuum and free
molecular flow regime is more readily treated.

The code, in 1its present form, will handle the flow problems which
exhibit or have any of the following characteristics:

Supersonic Inviscid Flow

Highly Underexpanded Nozzles

Hiehly QOverexpanded Nozzles

Shock Waves

Sliplines

Solid Walls

Pressure Boundary

Nonequilibrium Chemistry (Finite Rate)
Equilibrivm Chemistry

Ideal Chemistry

Free Molecular Flow

Two-Phase Flow

Oxidizer-to-Fuel (O/F) Ratio Gradients
Nozzle Boundary Layer.

1-6
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This report suamarizes the improvements which were made under this
contract to increase the capabiiity of the RAMP program. In additiom, this
report presents a detailed development of the equations governing the super-
sonic flow of a chemically reacting gas-particle mixture. Developmeat of
the poverning relations follows to a large extent the work of Kliegel.

Basic assumptions are stated and the set of partial differential equations
describing the gas-particle system are developed. These relations are then
cast in "characteristic” form and the corresponding difference equations
vritten., Details of the numerical solution are described for the various

data point types. The presentation is then concluacd with a description of
the numerical integratiom of the comservation equations.

In addition to a Jdescription of the above analysis techniques, appen-
dixes are included which discuss: (1) particle drag and heat tramsfer
coefficients; (2) non-isoenergetic gas-phase flow treatment; (3) chemical
equilibrivm calculations in gas-particle flows; (4) non-contianuum flow
expansions; and (5) integration of the finite-rate chemical kinetic

equations.

1-7
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2. SUMMARY OF STUDY PERFORMED FOR CONTRACT NAS9-16256

A precise knowledge of local flow properties in nozzles and exhaust
plumes is necessary for performance, radiation, attenuation, heat transfer
and impingement analyses. The reacting and multiphase (RAMP) computer
program is designed to give detailed flowfield information iam the supersonic
region of a reacting multi-phase, two-dimensional or axisymmetric flow
field. The bourdaries of the flow field may be solid such as in a nozzle or
“free” such as in a plume. The analysis may be utilized therefore to pre-
dict performances as well as plume characteristics of a given engine system.
A printed record of the program results is given for user inspection while a
binary tape 1s provided for subsequent manipulation by other analyses.

The flow of a gas—-particle mixture is described by the equations for
conservation of mass, conservation of momentum, and conservation of energy.
In the gaseous phase the state variables P, p, R and T are related by “he
equation of state while for the particulate phase the equations are for the
particle drag, particle heat balance and the particle equatic of state.
Developrent of these equations is based on the following assumptions:

1. The particles are spherical in shape.
2. The particle internal temperature is uniform.

3. The gas and particles exchange thermal energy by
convection and radiation (optional).

4. The gas obeys the perfect gas law and 18 either frozen
and/or in chemical equilibrium, or is in chemical
non~equilibrium,.

S. The pressure of the gas and the drag of the particles
contrioute to the force acting on the control volume.

2-1
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6. The gas is inviscid except for the drag it exerts oo the
particles.

7. There are no particle interactions.
3. The volume occupied by the particles is negligible.
9. There is no mass exchange between the phases.

10. A discrete number of particles, each of different size
or chemical species is chosen to represent the actual
continuous particle distribution.

11. The particles are inert.

The supersonic two—phase solution accepts the starting line provided by
the internally calculated transonic solution as well as other pertiuent data
supplied through the read function. The equations of motion under the
agsuaptions just listed are hyperbolic and permit the use of a forward
marching scheme; a streamline/normal grid structure is employed where the
otep lengths in the axial and radial directions are under program control.
oth BCD (printer) and unformatted binary output tapes are produced. A
Frandtl-Meyer expansion of the gas phase and a free bouandary calculation are
employed to treat the plume flow solution. The rum is terminated when pre-
¢epecified problem limits are reached.

The two-phase flow analysis will treat an extremely wide range of
operating conditions. With few exceptions the limitations are imposed by
the theory rather than numerical considerations. In this discussion
dimension statement sizes which are arbitrarily set are not considered a

limitation. Tr- irue limitations are:

e & 2rsonic regions influenced by embedded subsonic regions.

Vacuum or limiting expansion limitation - a small region of the
expansion fan for a vacuum expansion cannot be treated where the
Mach number is so large that treatmeant by continuous flow assump-
tions becomes meaningless (this limitation i1s both numerical and
theorettcal).

® For two-phase flow the lower boundary can only be horizontal (i.e.,
..>zzle centerline).

2-2
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During the course of the study the following capabilities have been
added to the code.

e Direct interface with JANNAF SPF code

e Shock capturing finite difference numerics1l operator
e Two-phase, equilibrium/frozen, boundary layer amalysis
e Variable oxidizer-to-fuel ratio tramscaic solution

e Improved two-phase traonsonic solution

e Two-phase real gas semi-ewpirical nozzle boundary layer
expansion

e Continuum limit criteria

e Sudder freeze free molecular calculation beyond the
continuum limit,

e Interface with Plume Impingement models, and

e Documentation.

2.1 MODIFICATIONS TO THE RAMP CODE

This section deals with the modifications which were incorporated into

the RAMP code under this contract.

2.1.1 JANNAF Stand.rd Plume Flowfield (SPF) Code Interface

T> perform a plume calculation, the SPF code (Ref. 3) requires nozzle
exit properties as initial conditions. The RAMP code was modified to punch
or put on tape exit plane data in the format that the SPF code uses. The

code will punch data for both single and two-phase cases.

At present, the SPF code can accept a single chemical species distribu-
tion which must be applied at all points acro=s the exit. The RAMP code can

have a distribution of species, so it was necessary to mass flow average the

2-3
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species distributions a-ross the exit plane to produce a single set of
species. This restriction can be easily removed whenever SPF has the capa-—

bility to handle spatial variations in chemical species.

The code is set up to punch the species information for the various
chemical systems that are available in the SPF code. The user must specify
which system to punch. 1If the thermodynamic data are input to the RAMP code
using cards then the species mole fractions that are to be punched for the
SPF code must be input for the appropriate system in the same order as
listed in Table 2-1. For fiunite rate cases these species are determined
inside the code and need not be input. The user may also input another

system. Additionally, ideal gas cases can also be handled.

Table 2-1
SPF CHEMICAL SYSTEMS

System 1 — Hydrogen/Oxygen

H, HZ' HZO’NZ'O'OH’OZ

System 2 — Carbon/Hydrogen/Oxygen
CO’ COZ. H. sz Hzo, Na' O. OH, OZ
System 3 — Carbon/Hydrogen/Oxygen/Chlorine
AlZO 3(5). CcoO, COZ’ Ct, Clz, H, HZ’ HZO’ HC4, NZ' 0O, OH, CZ
System 4 — Carbon/Hydrogen/Oxygen/Chlorine/Fluorine
co, COZ’ Ct, Clz, F, FZ, H, HZ‘ HZO' HCt, HF, NZ' 0, OH,OZ
System 5 — Hydrogen/Oxygen/Boron
BO, BOZ' BZO 3 H, HZ' HZO' HBOZ. NZ' 0, 0H, O2
System 6 — Hydrogen/Oxygen/Boron/Chlorine/Fluorine
BF, BFZ’ BF3, BO, BOCY, BOF, BO,,B,0.,,CO,CO

2’273
F,F,,H,H,,H,0, HBO HC!.HF.NZ.O.OH.O

2 Ct, Cﬂ2

2’ 2’72 2’ 2

2-4
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2.1.2 Shock Capturing Finite Difference Operator

The original RAMP code has the logic for computing any number of right
or left-running shocks using shock fitting techniques. This logic was
partially checked out under previous efforts. It is desirable to have the
capavility to treat shocks that can occur in some nozzles. Shock capturing
schemes require no special equations or program logic and are reliable. For
most nozzle flows, existirng shock capturing techniques are sufficiently
powerful to treat the shocks. Additionally, in order to directly interface
with the SPF code, it would be desirable to use a shock capturing numerical

operator.

For the above reasons a shock capturing algorithm was added to the
code. The methodology, equations and grid system which was inc.rporated
into the code is identical to the SPF code (Ref. 3). To obtain more iuform-
ation on the scheme the reader is referred to Ref. 3.

Por the shock capturing option, the computational grid is composed of
vertical lines and a radial coordinate system normalized by the local wall
coordinate. This approach as taken to alleviate the problem of inmserting a
point per line for a Cartesian system. The computational procedure is as
follows: the forward marching algorithm is used to compute the flowfield
properties at all interior points. Flowfield properties at the wall are
obtained via the method-of-characteristics solution. Once the wall has been
computed, the coordinate system is transformed and the axis and interior

polnte are solved.

To check out the validity of the shock capturing option, comparisons
were made with known method-of-characteristics solutions. Figure 2-1
presents pressure diatribution along a nozzle centerline and wall for
various calculational techniques. As can be seen from the figure, the shock
capturing solution is identical to the characteristics and SPF solutioms.

2-5
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2.1.3 Two-Phase, Equilibrium/Frozen, Boundary Layer Analysis

Nozzle boundary layers are known to influence certain regions of nozzle
flow and high altitude exhaust plumes (Refs. 18, 19 and 20). For nozzle
designers, the nozzle boundary layer is important in determining the thermal
loads to the nozzle, performance losses due to heat transfer and effects on
the nozzle pressure distribution due to the displacement thickness effect on
the inviscid flow structure. For spacecraft designers the nozzle boundary
layer is important because of its effect on the exhaust plume. At high
altitudes the nozzle boundary layer causes the plume to expand to large
angles (approximately 180 deg). In these backflow regions, spacecraft and
sensitive surfaces are subjected to unwanted contamination, forces, moments
and heating rates. For some applications the radiative properties of the
expanded boundary layer flow is importar . Thusg, it is easy to see that for
many applications the nozzle wall boundary layer is an important factor.

To date there have been numerous techniques used to account for
boundary layer effects of the nozzle and exhaust plume flow fields.
Iockheed-Huntsville has an option in the MOC and PIP code (Ref. 21, a
version of RAMP) which superimposes a power law boundary layer profile based
on a flat plate boundary layer thickness on the exit plane start line. The
profile can contain a total temperature variation which has been found to be
important (Ref. 21) in the back flow region of the plume. This is a very
simplified approach and the method of determining the boundary layer thick-
ness 1s very crude. Lockheed~Huntsville personnel and other investigators
have ugsed various boundary layer codes and the inviscid nozzle results to
generate a better set of boundary layer properties which were then super-
imposed on the nozzle exit plane inviscid results. Next, some investigators
have gone a step further and iteratively solved the inviscid nozzle and
boundary layer to determine the effect of the boundary layer on tae nozzle
flow field. Finally, it is possible to do a fully viscous nozzle solution
with a method such as Lockheed-Huntsville's GIM cnde (Ref. 22). However, a
fully viscous pozzle solution is beyond the scope of this effort. It should
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be noted that all techniques except the first require a tremendous amount of
effort and hand calculations to finally obtain a plume solution. The pur-
pose of this task was to automate the boundary layer nozzle solution to
arrive at an exit plane start line which includes all the effects mentioned

above,

The BLIMPJ boundary layer code (Ref. 7) was chosen for the solution of
the nozzle wall boundary layer, BLIMPJ is a JANNAF standard boundary layer
code for determining boundary layer effects on the performance of a rocket
engine., The BLIMPJ code is set up to handle nozzle flows, equilibrium or
frozen chemistry, uses the JANNAF standard thermochemistry curve fits and
has numerous ways of treating the nozzle wall that allow it to treat liquid
engines as well as solid motors with and without ablative walls, At
present, the interface between RAMP and BLIMPJ allows only the following
wall options: adiabatic wall, steady state energy balance or a specified
temperature distribution., The auiabatic wall option is the default option
in the code. The remaining wall options in the BLIMPJ code could be used
with a few modifications to the RAMP code. 1In addition to wall boundary
condition options, the user may also select laminar, turbulent, frozen, or
equilibrium flows or let the code default to turbulent, equilibrium. If the
turbulent boundary layer option 18 used, the flow will transition to a
turbulent profile when the Reynolds number based on momentum thickness

exceeds 250,

All input data for the boundary layer solution are generated inside .the
RAMP code except the nozzle wall temperature distribution, if that option is

specified. Chemical species muat be input if the thermochemistry data for
the inviacid solution was input via cards.

The BLIMPJ code was too large for conversion to a module for the RAMP
code, so 1f {t 1s desired to generate a nozzle boundary layer and obtain a
viscous exit plane start line it is first necessary to run the RAMP code to
calculate the inviscid nozzle solution., The RAMP code generates a file with
the BLIMPJ input data on it. The BLIMPJ code is then executed (no data
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cards)., The BLIMPJ results are printed out and stored on a file for sub-
sequent use by the RAMr code. The RAMP code is then reexecuted with just a
single input card and an exit plane vertical or normal start liae is gene-
rated. The exit plane start lire has the results of the inviscid nozzle and
boundary layer solutions merged. This capability is a considerable improve-
ment over previous methods which required many hand calculatioans, cross
plotting, etc.

For most rocket motors the boundary layer 1s fairly thin (approximately
S to 10% of exit diameter) and the resultant effect on invisci’ flow proper-
ties is minimal. For these cases one pass through the inviscid nozzle
solution and boundary layer calculation is adequate. The boundary layer
result3 will then be superimposed on the inviscid nozzle solution and an
exit plane start line with boundary layer ef..:cts will be generated which

can be used to perform a plume expansion.

Some low pressure or low thrust motors have boundary layers which
contain a significant portion of the total mass flow of the system. In
these cases the entire solution should be iterated for by making two passes
through the inviscid nozzle and boundary layer calculations. After the
initial nozzle and boundary layer solution has been completed, the nozzle
solutions will be calculated with the actual wall contour adjusted by the
local displacement thickness which was determined from the boundary layer
calculation. The boundary layer solution will then be rerun using the new
edge conditions from the second nozzle calculation, The results will then
be superimposed on the original nozzle contour and second flowfield solution
and an exit startline will be output or saved. This capability is not
presently operational. However, for these cases the boundary layer solution
is solved a second time with new edge conditions taken from the inviscid
vesults at the edge of the first BLIMPJ boundary layer. Thus, tbe inviscid
and viscous results match very well at the boundary layer edge. This option
is controlled internal to the program and requires no user interface.
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2.1.4 Particle Tracing Through Boundary Layer

Any par..ic' late matter (A1203-solids or unburned propellant drop-
lets in liquid motors) whi:ch might enter the nozzle wall boundary layer
could be influenced by the boundary layer to be expanded into the backflow
region. Thus, there may be certain motor/mozzle configurations in which it
is necessary to track particles through the boundary layer in order to
obtain the most accurate representation of the nozzle flow properties at the

exit plane.

Lockheed-Huntsville added a particie streamline tracing module * the
nozzle code. The code which was used as the basic building block ox this
module was used in predicting the IUS, SSUS particle distributions published
in Ref. 23. This code uses initial particle properties (velocity, flow
angle, temperature and density) and traces the particles through a known
flow field. Thie option is user-selectable. The basic method used is showm
in Fig. 2-2.

After the inviscid nozzle solution and boundary layer solutions hav-:
been completed, the RAMP code 1is re-executed and logic is rtanded off to the
particle trajectory tracing module. The first step is to search the
boundary layer edge location in the inviscid nozzle solution to determine 1if
any pa*iicles are found to penetrate the boundary layer. Then for each
particular size group which has been found to penetrate the boundary layer a
distribution of individual particle properties will be determined (inter-
polated off nozzle solution tape) at several stations along the boundary
layer edge. This will be done for each size group. Next a map of the
boundary layer properties will be generated using the boundary layer data
tape. Finally, each particle streamline will be traced through this mapped
flow field and particle propertias will be determined at the previously
determined exit plane. The effect of the particles on the boundary layer

flow properties due to energy and momentum interchange are not comsidered.
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Fig. 2-2 Schematic .f Particle Trajectory Tracing Method to be Usad
in the Inviscid Nozzle Code
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Finally, the boundary layer results, the inviscid nozzle solution and
the particle properties in the boundary layer are merged. and an exit plane

start line for a RAMP restart or SPF run will be generated.

Several cases have been executed using the particle trajectory option.
Figure 2-3 presents some results of the Large Boeing IUS motor calculations
which i{llustrate the effect the boundary layer can have on the particle
propercies. The axial distribution of a particle limiting streamline
temperature and velocity are showm for both the inviscid and viscous

calculations,

2.1.5 Boundary Layer Expansion at Lip

Another required capability of the nozzle code is a fully automated
technique to expand the boundary layer at the 1lip. After an exit plane
start line has been generated it is very straightforward to use the Prandtl-
Meyer relatiouship to expand the flow. The key point here is to get a fully
supersonic start line. Numerous investigators have made various assumptions
to obtain start lines for plume solutions that account for the nozzle wall

boundary layer., The various techniques will be discussed briefly,

Perhaps the most simple method of obtaining a superscnic start line is
to discard the subsonic portion of the boundary layer (Refs. 18 and 24) and
adjust the spatial distribution of boundary layer points up to the lip.

This method throws mass away from the system and will affect the results in
the backflow region. For nozzles which have thin turbulent boundary layers,
these effects are probably minimal, For very viscous nnzzles (low pressure)
or laminar boundary layers the effects of this assumption could severely
compromise the plume results in the backflow region (greater than 30 deg).
It should be noted that this technique could consider total temperature

variations through the boundary layer.
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Seubold (Ref. 25) used the technique of replacing the subsonic porticn
of the boundary layer with mass average properties at a slightly supersonic
value. This resulted in a layer of constant properties near the wall. The
resultant plume flow had the correct mass flow but did not consider the

total temperature variations.

The first two techniques assumed that the static pressure through the
boundary layer is constant. Near the lip, how.ver, the subsonic portion of
the boundary layer is influenced by the expansion process (Refs. 26, 27, and
28) as shown in Fig. 2-4. For highly underexpanded flows the sonic line has
been found to attach to the lip (Ref. 26) so that the flow at the wall must
rapidly accelerate when it gets near the lip and the static pressure rapidly
decreases. For overexpanded flocws the subsonic flow merely stays subsonic
as it negotiates the lip so that downstream flow conditions can feed back up

into the boundary layer.

08
e
1.9

=
e

T (f o

Fig. 2-4 Mach Number Contours for an Underexpanded Axially
Symmetric Nozzle (Case €)
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Cooper (Ref. 29) went a little further than the first twc approaches as
far as treatment of the subsonic flow expanding to the sonic 1li) conditioes.
He assumed that the flow (M=0 at wall) just upstream of the lip expanded to
M=1 at the lip. Since the static pressure upstream of the lip at the wall
wag the same as the wall total pressure and the freestream static pressure,
the only way for M=l to be reached at the lip was for the wall static pres-
sure to drop. Therefore, there will be a static pressure distribution
across the flow at the 1lip. It was then assumed that the static pressure at
a specified point in the boundary layer is not iffected by the expansion and
the pressure distribution is faired into the known lip conditioms. This
method i8 not totally rigorous but does include boundary layer effects and
has been shown to result in good comparisons with some experimental data in
the backflow region.

Finally, there are exact solutions to the corner flow problem. bird
(Ref. 26) uses a direct simulation Monte Carlo method. He set his model up
so that it would compute the entire nozzle or the region near the throat.
He predicts the attachment of the sonic line for underexpanded nozzles.
Baum (Ref., 28) uses a finite difference method along with boundary layer
equations to describe the subsonic portion of the boundary layer. His
application was for base flow about blunt bodies and compares well with
data. Finally, the previously mentioned GIM code can be used to exactly
solve the cormer problem. All three of these methods ar= very complex and

are outside the scope of this effort.

In the preseat version of the code the method of Seubold was incorpo-
rated. Total temperature variations are included and the mass flow in the
boundary layer is comserved. Plume calculations using this method were made
for a 5 1bf bipropellant motor. The mass flux predictions as shown in Fig.
2-5 compare very well with experimental data.

2-15

LOCKHEED-HUNTSVILLE RESEARCH & ENGINEERING CENTER



LMSC-HREC TR r867400-I

l Ls
O Data

’:-‘
CRE|
z2 10
S
3 \
®
3
2 1072 Q.
°
3 \\
- ]
8 3
3 10 — 4 —N
:
=

1074

0 20 40 60 80 100 120 140
Angle from Nozzle Axis (deg)
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2.1.6 Variable Oxidizer-to-Fuel Ratio Tramsonic Solution

Solution of the subsonic-transonic region of a liquid rocket engime can
vary in complexity from a simple one-dimensional variable O/F strcamtube
analysis (Ref. 30) to the most detailed model such as that of the Distri-
buted Energy Release (DER, Ref. 31) model. The streamtube analysis performs
a multizone one—dimensional calculation to the sonic point given a known O/F
distribution just downstream of the injection face. The DER program is a
complex model which is initiated upstream of the injector face and continues
the solution up through the sonic line. The DER code was used to initilate
nozzle solutions in Ref. 32 but is not particularly easy to use and input

a2nd requires a gocd bit of user experience to successfully execute. For
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these reasons it is not utilized in the nozzle code. On rhe other hand,

a one-dimensional stresmtube analysis does not account for two~dimensional
effects. A time-dependent scheme (Ref. 33) is a compromise between these
two schemes. The approach includes the radial momentum equation which
results in a set of mixed partial differential equations. The solution
procedure 18 an unsteady time-dependent finite difference technique with
equilibrium chemistry. This technique has both the equilibrium and variable
O/F chemistry optior and has been utilized (Refs. 34 and 35) previously with
excellent results., This code has been incorporated into the RAMP code as a
module and has been executed for all combinations of ideal and equilibrium
chemistry, constant and variable O/F distributions. Additional inputs
required by this module are: (1) combustion chamber geometry down to the
throat; (2) average O/F ratio; (3) locatiom of the funitial data surface to
start the transonic solution; (4) location of the nozzle throat, and; (5)

the O/F distribution at the initial data surface.

Figure 2-6 presents some results of the variatle O/F calculations for

the Space Shuttle Reaction Control System engine., Exit plane distributions
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Fig. 2-6 Comparison of RAMP Calculation for Space Shuttle RCS
Motor Plume with Pitot Pressure Survey Taken at 45 in.

from Nozzle Exit Plane
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of pressure and temperature are presented for both comstant and variable O/F
assumptions., The constant O/F calculation was performed assuming Mach 1,05
at the throat. The variable O/F calculation was initiated upstream of the
nozzle throat at the point where the nozzle begins to contract. The O/F
distribution at this location was iunferred from the injector pattern and

incoming mass flow distribution,
2.1.7 1Improved Two—-Phase Transonic Solution

The original transonic module which was incorporated into the RAMP code
could handle throat radii of curvature to throat radius ratios above 1.5,
Many solid motors have radii of curvature ratios smaller than 1. To
alleviate this limitation the improved approximate transonic module was
taken from the new Standard Performance Prediction program (SPP, Ref. 36)
and put into the RAMP code.

Many transonic solutions using this module have been run for varying

upstream and downgtream radii of curvature ratios,
2.1.8 Continuum Limit Criteria

There have been numerous studies over the past several years concerning
methods of determining where continuum flow breaks down and free molecular
flow begins, Examples of these criteria are the Knudsen number criteria,
criteria based on Mach and Reynolds number, and the "breakdown parameter” as
proposed by G.A. Bird (Ref. 37),

The present version of the program uses an average Knudsen number to
check for transition from continuum to “"frce molecular” flow regimes whece
the average Knudsen number between the old streamline base point is calcu-

lated via the following equation:

Kn = .788539 (EZ/R‘E) InT, -~ lnT,|/ds
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where the properties are averaged between the old (1) and new (2) streamline
points, The flow regime is determined by checking the calculated Knudsen
number against the input Knudsen number for criteria translational freezing.
Once the flow regime has been determined the appropriate specific heat ratio
(gamma) and total conditions are calculated. A Knudsen number ot 10 is

standardly used to check for transition.

The criteria of Bird (Ref, 37) have also been included in the program.
The Bird criteria specifies where the continuous flow equations start to
break down. This 1s not necessarily the location in the flow where the flow

goes free molecular.

Bird's breakdown criteria

a.
©

p=3
v

o

-]

is calculated at each point on the normal. If the breakdown parameter of
0.05 is exceeded, the code points out the location on the normal where P =
0.05, The collision frequency v 18 calculated using the hard sphere
relationships:

PRT

v T

Swn

The code does keep track of the continuum "breakdown criteria"” and
locates the surface in the plume where the “"breakdown criterion” of 0.05 is
located., In the future the appropriate data at this surface will be stored
so that this information may be passed along to a full Monte Carlo solution.
An example of the application of the Knudsen number and Bird breskdown

criteria is shown in Fig., 2-7,
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Tae Interim Upper Stage (IUS) is used to boost payloads from near earth
orbit to higher orbits. This stage uses solid rocket motors as propulsion.
From a payload and stage design standpoint it is necessary to define the
exhaust plume, The RAMP code is especially suited to calculating the IUS
exhaust plume including all the driving phenomena: equilibrium/frozen
thermochemistry with total enthalpy variations, two~phase flow, nozzle wall
bcundary layer, and free molecular flow. Figure 2-7 preseats contour plots
for Mach number in the exhaust plume. Shown on this figure is the Knudsen
number of 10 and the continuum breakdown surface corresponding to the Bird
breakdown criteria of 0.05. Beyond the Knudsen number 10 contour the flow
was treated as free molecular.

2.1.9 Free Molecular Flow Option

A "sudder freeze" free molecular flow option has been incorporated into
the code. Once the specified Knudsen numbrr criteria have been exceeded the
flow 18 frozen. (Specific heat ratio, molecular weight, velocity and
temperature along . gas streamline is held constant.) At this point the
streamline is assumed to expand at a conscant flow angle and the density
varies according to the streamtube area. This option allows the calcula-
tions to be performed in the backflow region (>90 deg) of the plume.
Numerous cases have been run for several hundred nozzle exit diameters.

2.,1,10 Interface with Plume Impingement Model

Specification of the amount and type of plume exhaust products at a
surface immersed in a rocket plume is important for determination of space-
craft surface degradation., After an adequate rerresentation of the char-
acteristics of the exhaust plume has been performed it i1s necessary to
rela. - the spatial characteristics of the plume to a surface that is
immersed in the plume.
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Under previous studies, Lockheed-Huntsville developed the Lockheed
Plume Impingement code (Ref. 38). This program will provide forces, momeants
and heating rates to bodies immersed in the exhaust plume generated by the
Lockheed Method-of-Characteristics Program (Ref. 16).

The Plume Impingement Program (PLIMP) has been modified so that it can
use the results of the RAMP2 code to predict forces, moments and heating
rates due to plume impingement. Additionally, the PLIMP code has been
modified to determine the types and amounts of plume species at any given
location of a body immersed in the exhaust plume. This version of the PLIMP
program is available with RAMP2,
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3. FUNDAMENTAL EQUATIONS FOR STEADY FLCW
OF REACTING GAS-PARTICLE M1XTURES

3.1 BASIC ASSUMPTIONS FOR THE GOVERNING EQUATIONS

The flow of a gas-particle mixture is described by the equations for
conservation of mass, conservation of momentum and conservation of energy.
In the gaseous phase the state variables, P,p, R and T are related by th-=
equation of state while for the particulate phase the equations are for tke
particle drag, particle heat balance and the particle equation of state. De-

velopment of these equations is based on the follcwing assumptions:

1. The particles are spherical in shape.
2. The particle internal temperature is vniform.

3. The gas and particles exchange thermal energy by con-
vection and radiation (optional).

4. The gas obeys the perfect gas law and is either frozen
and/or in chemical equilibrium, or is .n chemical non-
equilibrium.

5. The forces acting on the control volume are the pressure
of the gas and the drag of the particles.

. The gas is inviscid except for the drag it exerts on the
particles.

<~

7. There are no particle interactions.
8. The volume occupied by the particles is negligible.
9. There is no mass exchange ktetween the phases,

10, A discrete number of particles, each of different size or
chemical species, is chosen to represent the actual con-
tinuous particle distribution.

11. The particles are inert.

These are basically the same as originally stated by Kliegel except for the
provision to: (a) calculate the radiation exchang= between the gas and particle

phase (assumption 3); (b) the gas phase can be either frozen, in chemical
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equilibrium, or chemical non-equilibrium (assumption 4). The total mass
and energy of the gas-particle system are not constant since provisions are

made for particle streamlines to penetrate the exhaust plume boundary.

3.2 GOVERNING EQUATIONS FOR THE GAS-PARTICLE MIXTURES
3.2.1 Contin.ity Equation

The various forms of the continuity equation for chemically reacting
gas-particle mixtures are derived in this section. The forms of the equation

derived, in order are:

1. Species Continuity Equation (3.6)

2. Global Continuity Equation/{Steady State) (3.13)/(3.27)

3. Gas Continuity Equation (3.19)

4, Particle Continuity Equation (3.20)

5. Species Continuity Equations as a Function of (3.25)/(3.29)
Mass Fraction/(Steady State)

6. Particle Continuity Equation for Each Particle (3.26)/{3.28)

species j/(Steady State)

Consider a chemically reacting gas-particle mixture flowing through
some arbitrary stationary control volume, v, (Fig. 3-1)bounded by the con-

trol surface, S.

% q

Z

Fig. 3-1 - Control Volume for the System of Equations
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For such a flow system, Reyrold's Transport theorem states that:

D [ _ 9A
Dt j Adv = 3; dv+ qu-nds (3.1)
\% \ S

where A = any arbitrary parameter.

Appiying the Gauss, or Divergence theorem

-
fﬁ-uds=f V.Bav; (3.2)
S v
where B = any arbitrary vector quautity

to Eq. (3.1)yields:

D -
EE[AdV:deV'*'fVOAqu. (3.3)
A\

Furthermore, the substantial or Euler's derivative may be written in the
form:

9
DA _ 34,3 o (3.8

In a flow system of gas-particle mixtures in which c'.em cal reactions

take place, the principle of conservation of mass of each chemical species

may be written as:
D .
-D—{./‘p.1 dVv - f W dv = 0 1 = 1,NS; (3.5)
v v

where w, = production rate of species i due to either internal or external

sources such as chemical reactions and mass additions.

Applying Eq.(3.3)to the first term of Eq. (3.5)

-bl-)—t-fpid\’z —dV+ fv p,q dV  i:z1,NS,
v v
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substituting the result back into £q.(3.5)

90.
1 - . .
?dv+/ V°piqidv'f w. dV = 0 i=1NS,

v \'A

<

and rearranging terms yields
%, A ,
TdV:-/Vopiqu-f w. dV i=1,NS.

The above equation simply states that, for species i, the mass rate of

<
<

increase inside the control volume is equal to the net rate of mass flow into
the control volume plus the rate of mass produced due to cliemical reactions
and mass addition. In the following, we shall, however, exclude mass addition

from external sources.

Combining the integrands under one integral

api - . .
-&—‘E'Vopiqi-wi dv =0 i=1,NS,

\'

and noting that the volume V under consideration is arbitrary; the only way
for the above equation to be valid for all V is for the integrand to vanish. We

therefore l. ave

ap.
1 by . _ .
T+V'piqi-wi =0 i =1/NS. (3.6)

Egnation (36) is known as the species continuity equation. It is valid
for each chemical species at each internal quantum state. We shall, however,
assume tha. the various internal modes of motion are fully excited and are
in equilibrium with each other. It is well known that this is approximately
the case for the translational and rotational degrees of freedom where the
equilibrium value is attained in a few collisions. In general, the vibrational

degree of freedom aoproaches the equilibrium state somewhat more slowly,
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except at very high temperatures. As chemical reactions usually occur at
high temperatures, this approximation is often justified. The global continuity

equation can now be derived by summing Eq.(3.6) for alt species present.

N S
ZI\ %, =)
ot + UV » pi qi - Wi/ = 0

i=1 .
or ) s NS NS
_-_'{t_ pi+Vo E piqi - E \;\Ii = 0 (3.7)
i=1 i=1 i=1

To arrive at the final form of the global continuity equation, it is necessary

to take a closer look at the flow system,

In the flow system analyzed, the time variation of the thermodynam:c
functions is slow compared to the longest relaxation time of the system.
Therefore, the assumption that thermodynamic local equilibrium exists can
be made. In such a system, the thermodynamic quantities for the nonequi-
librium system are the same functions of the local state variables as the
corresponding equilibrium thermodynamic quantities. Therefore, the partial
specific quantity ¢.1 in an arbitrary volume element dV of a nonequilibrium

system may be defined by the equilibrium relation

¢ - (:rii)

T, P, m,

The quantities being held constant during the differentiation are the locally
defined temperature T, pressure P, and the masses m, of the other NS-1

species.

The specific quantity qu ($ per unit mass) is given in terms of the
partial specific quantities ¢'i by
NS
Prnbm = D P i-LNS;

i
3-5
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where the relationship between the mass deansity [ of the mixture and the
species density b, is given by

NS
P, = p, = fi..d density (3.8)
i=1

The specific velocity, me, specific enthalpy, hm' and specific internal
energy, e _ are given by:

P Oy = p; a, (3.9)
i=1
NS
Py hm = p; hi (3.10)
and i=1
NS
pm e, o, e, (3.11)
i=1l

Substituting Eqs.(3.8) and (3.:) into 3.7),

9p

m

NS
-—at—-+V' pmqm— Zwi =0,
i=1

and noting that for a closed system, the total mass for chemical reactions
is conserved

NS
Z:v'v.1 = 0; (3.12)
i=1
Equation(3.7) reduces to
8pm N
e c— ° = . 1 3
5 TV * P, Uy 0. (3 )
Equation (3.13) is known as the global continuity equation. It can be written
alternatively as
me N

Dt +pmv°qrn =0

by means of the substantial derivative.
3-6
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Equations (3.8),(3.9) and (3.12) can be rewritten in terms of gaseous

and particle species as follows:

Equation (3.8)

NS NP |
_ _ 3.
o = p, =P+ Y P (3.14)
i=1 j=1
Equation (3.9):
NS . NP
P, q, - p,a, = pa+ ) P’ (3.15)
i=1 j=1
Equation (3.12):
NS NP~
. - _ - .J -
Zwi = ¢ = W+ZW =0 (3.16)
i=1 j=1

Assuming that reactions of the form A(gas) + B(gas) == C/(particle; + Diparticle)
do not contribute significantly to the system (interchange of phases is nagligible

due to chemical reactions), Eq.(3.16} implies that

NP
% =0 and P W = 0. (3.17)
=1
Substituting Eqgs.(3.14) through (3.17) into Eq. (3.7)
0 0
5 NP NP N2 /
HENARN SIS » e
3=1 3=1 j=1
and rearranging terms yields
NP i
?atﬂ+v.p2f+i (%—+v-p3<?>=0 (3.18)
=1
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Since the gaseous species and particle species do not interchange phases,

both contributions must vanish. Therefore

%%+V-pi'=0 (3.19)
and
NP /
Z(Q% +vep EP) =0 (3.20)
j=1

Equation (3.19) is known as the gas continuity equation and is valid when
applied to the system of gas species. Equation (3.20) is known as the particle

continuity equation and is valid when applied to the system of particle species.

The species continuity Eq.(3.6) may be written in a more convenient
form by making use of the gas continuity equation and introducing the mass
fraction of species i. In general, the mass fraction of species i may be

defined as:

X, = =L, (3.21)

Substituting X.l into the species continuity Eq. (3.6)

0 = . .
8_t(xipm)+v'xipmqi-wi = 0; 1i=1,NS

expanding the first term

9X. p
1 m - . _ .
Pm Bt tX 5t tVXiPp9-w =0 1=LNS (3.21a)

and applying the vector identity

-— - - -l
VeXiPn 9 =V e X0, ) = VX P9 X (Ve P q)

3-8
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results in

ax. ap

i - , m - - .
P —;,t—’fqi-V)‘i +Xi(Tt“+V-qui)-wi=0 i=1,NS (3.22)

By limiting the system to only gas phase reactions (no reactions in the particulate

phase) the species mass fraction Xi may be redefined as:

X, = pi/p (3.23)

Assuming all gaseous species have velocity ;.1 = E, Eq.(3.22) becomes

ax. A N
P -Ttl-+qi.VXi)+Xi<5tQ +V-,pq)-v'v. = 0 i=1,NS (3.24)

1

Applying the gas continuity equation to the above expression the second term

is set equal to zero and Eq. (3.24) becomes:
axl -3 .
p(a—t— tq;. VXi -w, =0 i=1,NS

The final form of Eq. (3.24)is obtained by applying substantial derivative,
Eq. (3.4) to yield
DX,

pﬁl- - v'vi =0 i =1,NS species continuity (3.25)
equation

Under the above assumption that there are no particle reactions, Eq. (2.20)

for each particle speciecs j becomes:

80) 5 _
-& +Vep'q'=0 j=1,NP particle continuity (3.26)
equation
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For steady state flow processes, Eqs.(3.13),(3.26)and (3.25) become:

Equation (3.13)

-
v pm q'm =0 global continuity (3.27)
equation

Equation (3.26)

veplgd =0 j=1,NP particle continuity (3.28)
equation, and

Equation (3.25)

pai. VXi - v'vi =0 i=1,NS species continuity (3.29)

equation

3.2.2 Momentum Equation

The various forms of the global momentum equation for a chemically
reacting gas-particle mixture are derived in this section. The forms of the

equation derived, in order are:

General Global Momentum Equation (3.42)

2. General Global Momentum Equation (3.49)
with particle drag effects

3. Global Momentum Equation for stcady (3.50)
state, inviscid, no body force flow

The linear momentum of an element of mass m is a vector quantity
-
defined as mq_ . The fundamental statement of Newton's law for an inertial

reference is given in terms of momentum as

- D Y
F-p¢ m q,)=0 (3.30)

To derive the general global momentum equation the two terms of Eq.

(3.30) will be analyzed separately.

3-10
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The total force acting on the system may be represented as the sum
of the surface force distributions (force distributions acting on the boundary
of the system) and body furce distributions (force distributions acting on the

material inside the system) as follows:

NS
F - [Sends +/ Y b, T av (3.31)
S VvV 1=1

The surface force term may be converted into a volume integral by applying

Gauss' theorem, Eq. (3.2). Therefore,
F:fv.cdv+f Zpifidv (3.32)
\' v iz1
The surface stress tensor, ?may be written in the form:
o = -Po+7 (3.33)

and

Veo = -VP+V.? (3.54)

Substituting Eq. (3.34) into Eq.(3.32), the total force acting on the system

may be written in the form

NS
¥ o f(-VP+v.7}‘)dv+f Zpifidv;
A% v i=1

or, upon combining terms

NS
F - f (-VP+V.?+ Zpi £i> dv (3.35)

v i=1
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-—
The momentum term m q.. in Eq.(3.30) may be rewritten in the

form
m q = f 2 p, q; dV ;
VvV i=l

from which the substantial derivative can then be written

NS
D =2 _ D =
E(mmq ) = -—-Dtv/‘ .Elpi q; dv .. (3.36)
1=

Applying Reynold's transport theorem Eq.{(3.3)to Eq.(3.36)
D 5 NS NS
ﬁ‘mmqm“fa—tzlpiqid‘”f ZP AV
V 1= :

rearranging terms

o m g ) /; qu+V2pl_‘l%

(3.37)

and rewriting the results in terms of the gaseous and particle species results

in:

-— 9 NP ) NP '_\'..rI
m )-f 3—( +Zp’ ’)+V°(pqq+zqu’q3)’dv
j=1

\s j=1
or’

NP
- 9 = - 9 i C
bt M) = fgz;‘t(pq) +V'Pq‘l+2[a_t (PJqJ)+V°pJ?ZP]§ Qv (3.38)
j=1
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Substituting Eqs.(3.35) and (3.28) into Eq.(3.30), dropping the integral notation

and rearranging the terms yields

NP NS
9 - RN F] 1 - i~
(pq)+V¢pqq+ —(pJqJ)-{»v.pJ?qJ = -VP +V o’r+ pf (3.39)
St at
. - i=1

Expanding the first two terms of Eq. (3.39)
3P tvepaq =p-3—?;+q§‘t9+pq-vc1+qv'pq; (3.39a)

and then applying the gas continuity Eq. (3.19)

9 N
-£+v-pq =0
to the results, yields
o - QY ﬁ - -
PPtV epag = p G taevy (3.40)
The third term of Eq.(3.39) may be manipulated in a like manner using the
particle continuity i£q.(3.26) to y.eld:
I‘lP
NP —'_]
j=1

Substituting Eqs.(3.40) and (3.41) back into Eq.(3.39) results in:

NS
8 —1 -
p(3%+q.vq) ZpJ( v“J)-~VP+v-T+Zpifi;
i=1
or in terms of the substantial derivative, Eq. (3.4),
NP . NS
D -~ ) D 3 = —
Ppra- pJ-D-t-aJ = -VP+V.T7+ Zpifi (3.42)
j=1 i=1
' 3-13
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Equation (3.42) is the general global momentum equation. In this equation,
the five terms are, respectively: (1) the non-stationary and convective rate
of change of momentum per unit volume of the gaseous species; (2) the non-
stationary and convective rate of change of momentum per unit volume of the
particle species; (3) the net hydrostatic pressure force; (4) the viscous stress
force acting on the surface of the unit volume; and (5) the body forces per unit

volume,

Since it is assumed that all forces are negligible, except that of the
Pressure of the gas and the particle drag, the only force exerted on the
particle is a drag force 3% caused by the relative motion between the gas

and the particle. Figure 3-2 illustrates a spherical particle in a gas flow field.

r) 1
‘ﬁ; ’%/ — q’
QJ

Fig.3-2 - Particle Momentum and Heat Transfer Model

'}

To determine the effects of particle drag on the global momentum

equation, Newton's Second Law is applied to the drag forces —152 acting on

particle species j.

_nj _ 2 _lj
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or rewritten in terms of particle density

. M .3 . . . .
- D1 4 2 4 3 D =
Di. = -—-lmJ 3 n () qJ] = =g m D g -

w

In general, the drag force on a spherical particle may be written in the form:
-3 . . 2 1 . .
Bl = ¢l x () G p add |agd))
where
Y - :
agd = 3-9. (3.43)
Equating the two expressions for particle drag

4 .3 D o . c2 i
-3-1r(rJ) mJ'D—th = Cf) (r)) 3P Aq’lAqu;

and rearranging terms yields:

D - _ 3 pcf) =5 1 A2
9 =3 mj rj Aq IAqI (3.44)

Equation (3.44) can be simplified by referencing to the Stokes flow regime

{Reynolds number is less t. .a 1) in the following manner.

Define "
j o)
F o= C
Stokes
where
CD) = % , Nu=2
Stokes
Therefore, i
j 24 f j v
cd - =24 (——XK— . (3.45)
D Re (2 rJ P ‘Aa‘ﬂ )
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Substituting Eq.(3.45) into Eq.(3.44) and defining the parameter

, J
Al = -Z—[—LT] (3.46)

i

m-r

the momentum balance becomes

&9 = aAlagl. (3.47)

Expanding the substiatial derivative by means of Eq.(3.4), Eq.(3.47) becomes

o

O N diegdd - Adagi - Dao
5 9 ta °vae = ATAq = G- . (3.48)

Substituting Eq.(3.47) into the general global momentum equation results in;

-~ NP NS
. . . = IRy
p%-l- d.pAalag) - -VP+VeT+Y p L (3.49)
j=1 i=1

Equation (3.49) is the general global momentum equation with particle drag

effects.

For the case in which the flow may be described as steady state, inviscid

and no body forces present Eq.(3.49) becomes:

NP .
pa va+) pAaiag - -vp. (3.50)
=1

We note at this point that chemical reactions do not alter the forms of the

global continuity equation or equations of motion.

Equation (3.50) will be expanded now for later use in the derivation of

-
the energy equation. For an arbitrary vector A the following identity exists

A.VA = 1v@A.R -2k wx3A). (3.51)

1
2
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Applving this ident'ty to the first term in Eq. (3.50)

Pqgrvq = 3p vigsq) - paxxq);

substituting the results back into Eq. (3.50)

I\Y Rl
3P V@ D -paxvxq) + Y oplalad - - vp;
j=1
and rearranging terms yields
NP
1v@ - =Ex(vXE>-},jZ‘1ij5A€5--V§- ¢ .52)

3.2.3 Energy Equation

The various forms of the .anergy equation for a chemically reacting
gas-particle mixture are derived in this section. The forms of Lhe equation

derived are:

1. General Global Energy Equation Neglecting the Effects of (3.74)
Radiation

2. General Particle Energy Balance Equation (3.84)
General Global £nergy Equation with Radiation Effects (3.85)

4. Gilobal Energy Equation with Radiation Effects for Flow (3.105)

Described as Steady State, Adiabatic. Inviscida, and No
Body Forces Present.

The most general form of the energy equation, according to the first law of

thermodynamics or the law of conservation of energy can be w.itien as

DE dQ ,dW _
B -t <O (3.53)

€D

=17
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The energy E in the control volume may be written in terms of the species

present as

NS
E = prieidV;
vV oisl

where 2
94 9
e. = i,+— +—2Z. i=1,NS
i i 2 gc 1

ii = internal energy of species i per unit mass

2

9 L o :

- = kinetic energy of species i per unit mass
9
é_ Zi = potential energy of species i per unit mass.

c

The substantial derivative can then be written

NS

DE _ D _

Dt - thz:pieidv‘
v i=1

and expanded by applying Eq.(3.3) to yield

DE 8NS NS R
bt ° f-s:ZPieid“fV-ZPieiqid"-
\"4 i=1 v i=1

Recalling that the total force acting on the control volume accnrding to Eq.

(3.31) is

NS

B'-E'ds+f2pi?idv;
Vo=l

]
§]

S

(3.54)

(3.55)

and applying the definition for the rate at which work is performed on or by

the control volume dW/dt = -E:o F,
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one obta.ns

-
. £ dV
i

NS
daw - = -
Tt---fq.d'onds-fzqiop
s v i=l

The surface integral may be converted into a volumvc integral by applying
Gauss' theorem, Eq.(3.2), Therefore,

aw = = o T
LA -fV°(a-q)dV-qui'PifidV'
v v izl

Recalling the definition of the surface stress tensor o, Eq. (3.33)

T - -Ps+

S|

and taking the dot product

-—

= -Pq+

Qi
®
w L
!

oq,

the first volume integral in the above equation may be -/ritten as

fv-(- PQ+T+9) dv.
v

(3.56)
Substituting Eq.(3.56) back into the expressgion for dW/dt
_dt_ = -f V .(- Pq + Te q) - Eqi.pi fi dV,
\' i=1
combining integrals
aw _ NS
el -f[v e (- Pq +7eq) +Zqi.pif]dv
\'J i=]
and expanding terms yields
. =f[VOPq-Vo(‘r.q)-Zqi.pifi]dV. (3.57)
v i=1
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The rate at which heat is transferred to or from the control volume may be

gg_ -b.as
3t -fQ ndS ,
S

or in terms of a volume integral by applying Gauss' theorem, Eq.(2.2)

written in the forma

aQ _ .3
a -fV Qdv, (3.58)
v

E=_3
where Q is the conduction heat flux vector.

Substituting Eqs.(3.55),(3.57) and (3.58) into Eq.(3.53) and dropping the

integral notation results in

9 NS S . - - = NS R N

szi e, Hloipi e q -V *Q+VePq-y* (T -Z q; * P, fi =0. (3.59)
i=1 i=1 i=1

Equation (3.59) is the general global energy equation neglecting the effects of

radiation. This equation is based on a unit volume. The six terms are, re-

spectively: (1) and (2) thetotal rate of increase of internal, kinetic and potential

energy caused by local and convective changes; (3) the heat conducted to or

from the control volume; (4) and (5) the work done on the fluid element due to

surface forces; and (6) the work done on the element by the body forces.

In deriving Eq.(3.59), all that has been neglected is the energy trans-
ferred due to radiation, which if necessary, can be added to the equation as

an extra term. Radiation effects will be determined later in this section.
The microscopic quantum effects (interchange of energy and mass) are
not considered in Eq.(3.59) as it has been implied by the classical first law

of thermodynamics. The general global energy equation will now be expanded
and written in terms of the gaseous and particle species present.
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Recall that
: z, i=1,NS. (3.54)

If the potential energy term is combined with the body force term, Eq. (3.54)
may be rewritten in the form

i=1,NS (3.60)

Defining the specific enthalpy of species i as

P,

. i .
hi = li -l--’T i=1,NS (3.61)

i
where Pi = partial pressure of species i

and combining Eqs.(3.60)and (3.61) yields
2
9

e. = h - .+T

Y
i iop;
Next, define the total enthalpy per unit mass of species i as

&
=

. (3.62)

Therefore, the expression for e, becomes

P.
e. = H -—=.

i i p;
Substituting the expression for ei into Eq.(3.59) results in

NS

NS P P,
i=1

(5.62a)
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The pressure P may be expressed as the sum of the partial pressures as

follows NS
P = Zpi . (3.63)
i=l
Substituting Eq.(3.63) into Eq. (3.62a)
5 NS op NS NS
= - -
LIRS SAAD IR L D DAL AT
i=1 i=1 i=1 :
+V°Pq-v°(T'Q) -Zqi.pifi = 0
i=1l

and nsting that NS
Ved 9P =V-Pq,
i=1

the above equation becomes

aNS 8p NS N = . NS_. R
Ezpiﬂi-wi-v '2 piqui-v'ﬁ-v.(T.q)-Zqi.pifi=o (3.64)
1 i=

i=1 i= i=1

From the assumption that thermodynamic local equilibrium exists, the follow-

ing expressions may be written in terms of the gaseous and particle species:

NS NP . .
Y o H = pH+ 3o (3.65)
izl j=1
and,
NS NP
S0 H - PAH+Y PP (3.66)
i=1 j=1

Substituting Eqs.(3.65) and (3.66) into Eq. (3.64)

5 NP op NP . =
-&-(pH-I'E pJHJ)-j£+V-(qu+§pJq)HJ)-VoQ-V'G-q)
J= j=1

NS
IR S AN
i=1
3-22
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and rearranging terms yields

NP
a—i(pH)+v-pEH+ Z[a (pjl-lj)+v pJ Hjl -I'V.(‘r.q)
e
s-h -l -
+z qi.pifi+VoQ; (3.67)
i=l
where
H = h+q2/2 (3.68)
. . . 2
H =n+@))/2. (3.6%)

Expanding the first two terms of Eq. (3.67)

pE+u4pg.vH+HV.pT ,

" and rearranging terms yields
H -
p(gt +q VH)+H(g‘t’-+V-pq).
Recalling the gas continuity Eq. (3.19)
ap oo -
at +v p q = o »

and applying the definition of the substantial derivatie io the first term in
the above expression

8H _DH
3t +q.VH = Dt *
the first two terms of Eq. (3.67) reduce to
gag(pH)thq‘H - o, (3.70)
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The third term of Eq.(3.67) may be manipulated in a like manner.

Expanding
NP j s e . . . .
j=1

b

and rearranging terms yields

lgl‘pj (%Ht_l  oud ] [HJ ;.W_ + 7] "J)]
=1

Recalling the particle continuity Eq. (3.26)

j L
2 yv.pdd =0 j=1,NP,

and apnlying the definition of the substantial derivative to the first term in

the above expression

: j
o L =, vyl - DH-
3t +q’e VH’ = Dt
the third term of Eq.(3.67) reduces to
j
[— @) +v.pl P HJ] Z pJ DH . (3.71)

Substituting Eqs.(3,70) and (3.71) into Eq.(3.67) results in

NP 3 N
DH jDHJ _ 9P i - - -
- +Zp—Dt =S4V T +), q.p L +Ve0. (3.72)
= i=l
Recall that . ) J.z
W oo w +59-i)— . (3.69)
3-24
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Therefore,
pHJ Du’ lD(qj)Z phl .1 D = =
Dt - Dt Y2 Dt - Dt t2hr @)
or, )
o (0 o) g (. 5
finally, ) . .
%I? = %‘J'ﬁfj'%?- (3.73)

Substituting Eq.(3.73) into Eq. (3.72) results in
DH .S~ j {on .~ D3 9P = -
Pﬁ'*ZPJ (T)t- +q° .32_) = 5 tVe(Teq +Z q e P £tV Q (3.78)
j=1 i=1

Equation (3.74) is the general global energy equation written in terms of the

gaseous and particle species.

To determine the effect of particle/gas conduction and radiation, the

particle energy balance for the jth particle is written as follows:

j . . 2 . . 2 . .4 .
%‘% = -KJ [4: (r)) ](TJ -T) -o4x (r)) [6’ (Th -o T4]: (3.75)
where .k Nj
KJ =—2 = particle heat transfer (3.76)

2r) film coefficient.

Defining the Nusselt number parameter

j N
G = —2— (3.77)
(Nu)Stokes
where
(Nu)Stokes =23 (3.78)
3-25
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the particle heat transfer film coefficient may be rewritten as

j kGJ
KY = z . (3.79)
)

Furthermore the heat quantity of the particle is defined as

.3

o = miisz wh nI. (3.80)
Differentiating Eq. (3.80)
j 3
pQ) 4 j
DQt s mj ? T (rJ) %l: ’

rearranging terms
Dh) _ 3 DQJ

Dt Dt °
41rm (r)

and substituting the ahove results, with the expression for Kj back into Eq.(3.75),
the particie energy balance equation becomes
md 3% . > ph! kG’ R i2 R
Feh Fp o= -5 |4 o) (- 1) - otn () @’(T) - T .
r

Solving for Dhj/Dt in the above equation

%h? - @7—3- (Ti-T) - [33 (Th - T4l : (3.81)
(r})” mJ
and reczalling Eq. (3.46)
. ¢
Al = 2 (3.46)
mJ )
the equation for Dhj/Dt may be written as
j JoAj . 4 .
%‘lt- - 2‘3‘ G A (pi.7) - [€J(TJ) - o T4] : (3.82)
va
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Equation (3.82) may be simplified by letting

X Gj c j
CJ = - P = k G. (3.83)
) Pr pf
Therefore,
D____hj = - EAJ Cj (TJ -T) 30 i (Tj)4 qj T4 (3.84)
Dt - "3 "S53 1€ - ' '

This is the general particle energy balance equation. The temperature of the
particle depends upon its state, where the state may be a liquid, a liquid in the
process of solidifying, or a solid. The temperature is uniquely related to the

particle enthalpy by the equation of state TJ = f(h)), tabulated.

Substituting Eqs. (3.47)and (3.84) into the general global energy Eq. (3.74)

yields
NP
p%tﬂ+2: ~EpiAidd T - [é"('r’) a5T4]+?-ijjA§‘5
j=1
NS
g,Fr’+V.(1.q)+Z§'1.pi?;+v-6. (3.85)
i=1

This is the general global energy equation with radiation effects.
Expanding the first term of the above equation

DH _ , (aH

P "Bt 5 *ta- VH)

and applying the definition for total specific enthalpy
2
H = h+ 92- ; (3.68)

the first term becomes

DH - 1
P ¢ pat+pq'Vh+pq'-2-V(q Q) .
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Recalling the momentum balance relationship

NP
> V@« q) —q::(qu)-pjz_}pAAq et (3.52)

and substituting it into the above equation yields
DH oH - P = - N
Pl R L Y .(vh -Yp—)+pq [a= wvxa| -a- Yo' Al adl. (a.86)
j=1

This expression may be further simplified by noting that for an arbitrary

vector A the following identity exists:
A-[Axw@xA)] = o0.

Applying the above identity to Eq. (3.86)

NP
DH H, - vP, - i 2 =
P = p% +pq-(Vh-—p—)-q.ZpJAJAa‘J : (3.86a)
j=1
and substituting the result back into Eq.(3.85) yields
NP NP
H - VP -l k] * “ 2 . 3 . 3
p% +pq .(Vh-——p—)—qoz pJAJAqJ+Z -5 A (rl-m
i=1 j=1
so_ i ey - of 18] 3. paiadil - 24y, 2.3
- j.p E(T) -aT|+q’e p’ Al Aq =ﬁ+v-(1.q)
m rJ
NS R
+Zqi.plT+v.Q
i=1l

For the case in which the flow may be described as steady state,

adiabatic, inviscid and no body forces present the above equation becomes:

P
. YR = NS a0 a2, S0 |2 ad o o]
p3 e (vh-*5) -q. 3 plalagl+ 3] 150l Al -
=1 j=1
N e s
--—;-Qip-’ leJ(Tj) - o T4]+q3.pJAJ agil=0  (3.860)
m-r
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This equation can be reduced ¢t a simpler form by letting

] - - e . (3 2 3 04 .
B - g.a9) -} . ad) +§CJ -+ =29 [eJ (Th)) - o T4] (3.86¢)
Alml ¢l

Therefore, the global energy equation becomes

NP
N v Lo
pq «(Vh - TP) - 0A'B) =0 (3.87)

j=1

To expand the term in parenthesis in the above equation, it is necesgsary to
examine the fundamental thermodynamic relationship for a system1 1n which

chemical reac..ons are occurring.

3.3 GASEOUS THERMODYNAMIC RELATIONS

Assumption 4 given in Section 3.1 states that the gas obeys the perfect
gas law and is in chemical equilibrium, nonequilibrium or is chemically
frozen. A chemically frozen gas is one in which the gas stops reacting at
a given species concentration so that the molecular weight along a stream-
line remains at a fixed value and the ratio of specific heats is a function of
temperature only. However, for the chemically reacting case the local
chemical species concentrations will change in accordance with type of

chemistry assumption considered for a respective analysis.

In the high-temperature low-velocity regions of the flow field, an equi-
librium chemistry calculation for the gas phase is a good assumption. Local
residence times of the flow are sufficiently long for all chemical reactions to
proceed to completion. However, as the flow accelerates through the nozzle
and exhaust plume the local flow residence time becomes less than that re-
quired for the chemical reactions to reach completion. Significant deviations
from the chemical equilibrium conditions occur and ultimately the flowfield
chemistry usualily approaches a frozen condition. This calculatiou is treated
best by including the kinetics in the gasdynamic calculation, thereby avoiding

the problem of choosing either an equilibrium or frozen chemical analysis.
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The development of the gas thermodynamic relations and the corre-
sponding contribution to the gasdynamic relations will consider the chemical
kinetics. Appendix C addresses the equilibrium chemistry analysis for gas-
particle flows. Appendix E discusses the nonequilibrium chemistry analysis.
Finally, a summary of the applicable equations for chemical nonequilibrium

and chemical equilibrium flow is preserted in Section 4.2.3.

Consider only the gas phase portion of the flow system in which there
are NS-NP different species present. lf the mass fraction of each species i
is constant, the specific enthalpy, h, of the gas depends only on specific entropy,

S, and pressure, P, However, for a variable composition

h = h(5,P, X5 X5 -« . XNg-ND)

and thus the total differential of h is

NS-NP
dh = %I dS+-g-}-11:-,l dp+zg—;‘( dx; .
P,X; s, et Hls px

In this expression the subscript Xi implies that the mass fractions of all
species are constant during the variation in question. On the other hand,
the last term in the equation is a sum of partials in each of which the S and

P are constant, together with all but cne of the mass fractions.

For constant mass fractions the total differential of h may be written

as
dh = TdS+i4P.
P
Therefore,
%%‘ =T and 3 1
P, X, s,x. P
i i
By defining the chemical potential Y, as
oh . . ,
1y = K. = hi = specific enthalpy of species i
i's, P,Xj
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the fundamental thermodynamic relationship for a system in which chemical

reactions are occurring may be written in the form
NS-NP
dP 2 :
dh:TdS+-[T+ ;.tidX.1
i=1

The above equation may be rewritten as

NS-NP
(2
Vh--—p— = TVS + liiVXi
i=1

Since the pressure is a function of the gas state variables (p, S)

P = P(.S),

the expression for VP may be viritten

VP - (@) vp +(3—P) VS .
o

aP S 05
Noting that
ap S
and,
QB) S Bridgeman's Equation
95 b cp -R

where a, cp and R are local thermodynamic equilibrium properties, VP

becomes

vP = azvp+-—p—-VS.
cp-R

Rearranging terms in the above expression

c_-R
Vs = <—LP—> VP - 2% vp)
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and utilizing the equation of state for an ideal gas
P = pRT

Eq. (3.93) becomes:
c -R
VS = (—gﬁT)(vp- aZ vp) .
Multiplying through by T
R
TVS = (—-L) wP - 2% gp)

and rearranging terms yields

s - (2-1) (5 - 5%)

Substituting Eq.(3.97) into Eq.(3.89) resuits in

oh.YP _ (S . (zz_ﬁsze),,N's
e “\R p T

Since particle s} cies are not considered in the chemical reactions, the

suimmation term upper limit may be defined as
NG = NS - NP

where NG = number of gas species present.

Equation (3.98) then becomes

NG

2
P _(Sp E,é_m)
Vh - _(R 1\(p > +Euivxi.

p

i=1
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Sut stituting Eq.(3.100) into the global energy £q.(3.87)
N c . 2 NG
pq.[(—RB- 1)(1‘—)5—3-‘"‘ 5 ) zu VX, Zp’ alpl - ¢,
i=1

and expanding the dot product results in

c NP | . .
(..RE- )(q VP -q-.a vp)+pz:u. 39X, - 2. pAB) -0 3101
i=1 j=1

Equation (3.101) is the expanded form of the global energy equation for flow

described as steady state, adiabatic, inviscid and no body forces present.

Dividing through by (cp/R - 1) yields

NG NP
. Co.
q. VP -a%q. vp+—7p——— Z“ -cp]R_lzlpJAJBJ = 0. (3.102)
J:

Recalling the species continuity equation

DX.
pD—tl = w, i=1NS, (3.25)
aad letting,
: j
i _ B
B, = 78R -1 (3.103)
p
and
1 .
Y= zyr.—le“iwi- (3.108)
1=
the final form of Eq.(3.102) becomes
N ’s NP | ..
q.VP-aq.Vpi-tl:l-ZpJAJBJl =0 . (3.105)
=1
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3.4 SUMMARY OF THE GOVERNING EQUATIONS FOR STEADY, ADIABATIC,
NONEQUILIBRIUM FLOWS OF REACTING GAS-PARTICLE MIXTURES

WITHOUT TRANSPORT OR BODY FORCE EFFECTS

The system of basic governing equations for any reacting flow field have

now been derived. When the reactions between components of the gas mixture

are known and the boundary conditions adequately specified, one should be able

to solve the nonequilibrium flow system.

The pertinent equations derived in this section are summarized as

follows:

Continuity equation for steady state flow

Vepq =0 gas continuity equation
\v A pJ Ef] =0 j=1,NP particle continuity equation
P E. V'Xi - v'vi =0 i=1,NS species continuity equation

Momentum equation for steady state, inviscid flow with no body forces

NP
P a .va +y p'l Al Aq) + VP = 0 global (gas + particle) momentum
J:l equation
where 9 fj
i _ 9l
AT =3 [ . 2 ]
m? rl

(3.19)
(3.26)

(3.25)

(3.50)

(3.46}

pj E;j. v;j - pj AjV;;j =0 j=1,NP particle momentum equation (3.47)

Energy equation for steady state, inviscid flow, with no body forces and no heat

loss from the gas-particle system

NP .
a. VP - aza- vp - Z pJ Al BJI+ \bl =0 global energy equation
=1
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where
Bl - ; liif.AoJ-q .agd + 2 cJ('rj T)+———I53(TJ) a"r"] (3.103)
1 "¢ /R- Al
agd = g-P (3.43)
and f
cd - kG (3.83)
v e
. vnd +§AJ chri-m)+ 32 [53 TJ) -l T ] =0 j=1,NP (3.84)
particle energy-
balance equation
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4. THE METHOD OF CHARACTERISTICS SOLUTION

The set of equations summarized in Section 3.4 are applicable for flow
calculations in both the subsonic and supersonic regimes. Examination of the
equations reveals that a closed form solution is not possible, thus necessitating
a numerical solution to obtain the flowfield properties. The choice of the
numerical solution is governed by the application and the flow regime of

interest.

The current study addresses the nozzle-plume flowfield where the flow
is everywhere supersonic except for those regions in the immediate vicinity
downstream of a normal shock. Treatment of these regions are considered
beyond the scope of this study, thus reducing the problem to one of analyzing
a supersonic flowfield. For supersonic flow applications the method-of-
characteristics provides a reliable method for numerically solving the
set of governing equations. The method is characterized by rapid convergence
of the numerical solution and has been shown to be unconditionally stable. This

method is the one chosen for the current study.

A number of investigators (Refs. 8,9 and 10) have developed solutions
employing the method-of-characteristics. In '"characteristic form' the
relations are transformed to a set of differential equations which apply along
the characteristic directions., Prozan (Ref. 16) developed a nozzle-plume:
solution which includes gas thermochemistry considerations. Kliegel (Ref. 9)
and Hoifrman (Ref. 8) extended the method-of-characteristics to include the
treatment of gas-particle flows. The present study followed the work of
Prozan in the treatment of the gas equilibrium thermochemistry considera-
tions ana that of Thoenes, etc., (Ref. 39) for chemical kinetics. These con-
siderations have been combined with the coupled gas-particle sclution as

formulated by Kliegel,
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The original formulation by Prozan utilized the enthalpy-entropy-

the velocity, total enthalpy and entropy. Prozan showed that the thermo-
chemistry calculations could be uncoupled from the gasdynamic solution.
Consequently the thermodynamics were calculated in terms of the independent
variables, V, H, S and retrieved via interpolation from tables as needed by the
characteristic solution. The routines became an integral part of the stream-
line normal code developed by Ruo (Ref. 17) from which the RAMP code evolved.
Consequently the V,H, S form is used in .~e present analysis for chemical
equilibrium calculations. However, when kinetics or ‘ransition between the
continuum or non-continuum flow is to be treated, use of the pressure-density-
velocity form of compatibility equations is more appropriate. Therefore

development of both forms is given in the following sections.

4.1 DEVELOPMENT OF THE CHARACTERISTIC CURVES

The governing flow equations summarized in Section 3.4 may be written

in the following expanded two-uaimensional (or axisymmetric) form:

Continuity equation for steady state, particle species not considered in the

chemical reactions

Spv

.19 2Ly

(3.19) pux+pvy+upx+vpy+ v 0 (4.1)
. . . . . . . i

.26 Jud ¢ pded 4+ udpd 4 Wipd 4 2B -

(3.26) pux+pvy+upx+vpy+ v =0 j = LLNP (4.2)

(3.25) pu () +pv () -v&i =0 i=1,NG (4.3)

x y

Momentum equation for steady state, inviscid flow, with no body forces
NP . -

(3.50) puux+pvuy+Px+ZpJAJ(u-uJ) = 0 (4.4)
j=1
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NP
prv, +pVY 4P +Y oalw-vh =0 (4.5)

j=1
(3.47) pJuJui +pJvJu; -pA u-u) =0 j=1,NP (4.6)
p3u3v;+p3v3vf, -pdAdw-v) =0 j=1,NP (4.7)

Energy equation for steady state, inviscid flow, with no body forces and no

heat loss from the gas-particle system

2 2,0 -3~ pialp]
(2 105) qu+va-aupx-avpy- pABl+¢l=0 (4.8)
-1
(3.8&)
pJth}J‘+pJth;+-§-pJAJCJ(TJ-T)-l-i%.’[eJ(TJ) -aJT4] =0 j=1,NP (4.9)
mr

The corresponding coordinate system used in this analysis is presented

in Fig. 4-1.

Fig. 4-1 - Coordinate System Used in the Development of the Characteristic
and Compatibility Equations

4-3
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To minimize the amount of "bookkeeping" that would be required in the
development of the characteristic equations the governing flow Eqs. (4.1)
through (4.9)will be written in the following general form
aén 8¢n
Lm =a . Bx +"mn -57 +cm for n =1,N and m = I N (4.10)

where:
N =4 +4NP + NG
én represents the dependent variables u, v, P, p, uj, vj,pj, hj and Xi
a n and bmn are coefficients.
If we let
$,=u
$,=v
¢3 =P
by=p 1
byp @ = LNP (4.11)
O4542 =V, J=LNP
b 4543 =P  §=1LNP
LI =h) j=1,NP

94 yanP+i = X 1= LNG;

equation (4.10) can be rewritten as

L
m

]

21571 bml uy ta o v, +bmz vY ta 3 Px +bm3 Py

1 1 1 1
+am4px+bm4py+am5 ux+bm5 uy+am6 vx+bm6 VY
(4.12)
+a pl+b pl-t-a hl +b nl +
m7°x " "m7"%y m8 x m8 'y '
J k] i j
+am,4j+lux+bm,4j+luy+"'+am,4j+4hx+bm,4j+4hy+"'
N
ta, 4+anNP+i %l Py apanp 4 X +Zcm for m = 1,N
m=1l
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We then have N independent, linear nonhomogeneous equationg written in N
unknown derivatives. The N linear equations for Lm may be combined to
form a single differential operator ty employing arbitrary multipliers and

summing. Thus,

N
L = Z o L =0 (4.13)

m=1]
where Oy = arbitrar, multipliers.
Assuming that the following relation holds,
amn om %% = bmn om for n=1,Nandm = ],N; (4.14)

Eq. (4.13) can be rewritten in the form of an ordinary differential equation.
Substitution of Eqs.(4.10) and (4.14) into Eq.(4.13) yields

N ¢, gz_a¢n
L = Z O 2 mn B3 * %m *mn @ By * m Om) = O
m=1
o N 9¢ ¢
n n _
L= nzl‘;l“"mamn?;dx °m2mn By W m Ga ) =0
and finally,
N
L = Z(cmamnd¢n+cmamdx) =0 n=1,N. (4.15)
m=1]

Equation (4.15)is the generalized compatibility equation and is valid if and
only if Eq. (4.14)is true.

Equation (4.14)may be rewritten in the form

o @ L-b ) =0 n=L,N wd m=1,N, (4.16)

4~ 5
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If Eq.(4.16)has a solution other than trivial, i.e., all O, " 0, then the
determinant of the coefficients of Cm must be zero. Therefore:

D = dy b =0 n=1N and m = 1,N (4.17)

mn d&x - "mn

The equation D = 0 is called the characteristic equation for the system of
equations (4.16). On expanding the determinant, it is seen that Eq. (4.17)
is an algebraic equation of degree N and thus has N real roots. These

roots are called the characteristic roots.

To analyze the determinant D, begin by substituting Eqs. (4.1), (4.4),
(4.5)and (4.8) into Eq. (4.12),and putting the results into a matrix of the

form:
a by 21220 a3p3bys 2y, byy,
s - |2rPar 2222 223P23 24P
3310031 @35 ba,  aggbyg ag,,byy (4.18)
2510041 242:P4p  243:b43 3440y
This yields
p,0 0,p 0, u, v
pu, pv 0,0 1, 0,0
A1 = Jo,0 pu,pv. 0,1 0,0 (4.19)
0,0 0,0 u v -aly, -alv
and
Cl = 6pv
y (4.20)
NP |, . .
C, = p’ Al (u-u))
=1
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NP
c, - 231 P’ Al (v-v))
(4.20)
NP Cont'd
Cp = ¥ - p-‘A’BJl

Next, substituting Eqs. (4.2), (4.6), (4.7) and (4.9) into Eq. (4.12) with j = 1
(for the first particle) and putting the results into a matrix of the form of (3.18)

yields
plo 0,p" ulvl 0,0
. palptvl 0,0 0,0 0,0 1
- 4.2
A2 = 0,0 ptul ptv! 0,0 0,0 (4.2D)
0,0 0,0 0,0 plyl, plvl
and 1
C . opv
57 y
C, = -plal(u -l (4.22)
C, = palv -vh
1,1
where 4
W = %—AJCJ(TJ-’I‘) + =2, [eJ(TJ) -aJT4]. (4.23)
erJ
Repeating for each particle, j, and generalizing yields
pl,0 0.p) Jdvl 0,0
j plul, plvd 0,0 0,0 0,0
A2 = |o,0 plud o 0,0 0,0 j=LNP  (4.28)
0,0 0,0 0,0 pld, plv!
4-7
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and .

c. .80V

4j+1 y
- J Al j

Capg T TR AL j = 1,NP (4.25)
- oAl =5 '

Capuz = -P & v - vl
= ol o

Cojpa = P ¥

Substituting Eq.(4.3) into Eq. (4.12)

3, 444NPH 0 if mXn n=4HNPH
= pu if m=n
. (4.26)
b, a4anpa = 0 i mXn
= pv if m=n
C4paNpai ="V 1= LNG; (4.27)
and rewriting in the matrix form of (4.18)yields
pu, pv 0,0, .... 0,0
0,0
L W pu, pv X (4.28)
' 0,0
0,0 0,0..... “pu, pv

3110y
351003
A = * . (4.29)

aNl’le e e e e e e e e aNN’bNN
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where

N = 4 +4NP +NG ;

the result would be the diagonal matrix

A, 0 ©O. 0 0 0
0 A, 0. 0 0o 0
2
0
0 A5 0 0
0o 0 ... 0 .... 0 0O
A= . (4.30)
o 06 0 .AJZ. 0 0
o 0 0 0 .. 0o 0
o 0 0 0 NP 0
Ay
o 9 0 0 0 Ay

Examining matrix (4.20), from which the coefficients a n and bmn for
determinant D will come, it can be seen that D will have the same form as

matrix (4.30). That is:

D, 0 9. 0 o o0
0 D; 0. 0 0 0
o o D> 0 o 0
2
o 0 0....0....0 0
D = . (4.31)
0 0 O .DJ. 0 0
2
o 0 0. 0 0o 0
0 0 0....0. pF
o 0 0 0 D,

where

iD,‘ obtains its elements from A

‘Dé\ from J\é, etc.
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For purposes of simplification, let:

- W4y
S = ugx -V
4 .
s - ujaxﬂﬁ-vJ (4.32)
- 4y
y'_dx

Substituting the coefficients from matrix (4.19) into matrix (4.17) and using
Eq. (4.32)results in

py' -p O S
pS 0 y' 0

lDll =1lo pS -1 o I . (4.33)
0 0 S -a Sl

Matrix (4.33) may be rewritten in the form

4
- _niti
IDII - Zdij( DN (4.34)
j=1
where
d.. = elements of D
ij 1
and
N.. = theminor ofd,,. .
1] 1)

Utilizing Eq. (4.34) and letting i = 3, Eq. (4.33) becomes
0

0
i 4 5 6 . 7
[Py = }(1"” N3y td3p (1) Nj, #dy5 (-1)7 Ngg + o8, (1) Ny,

Expanding terms

py' 0 py' -p S
Dl = -pS |ps y' O +(-) [p5 0 o ;
1 2 2
0 S -a’S 0 0 -a' S
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performing the necessary matrix algebra
2 3 2.2
Dyl = 08 [-pa® styn? +p8%] -1 (%% sH)
and combining terms yields
2 2]

Ip,| = p’s’ iaz(y')z s +a
Substituting the expressions for S and y' from Eqs. (4.32)
2( dy \el.2fay¥ [ dy \2. 2
|Dl|=p(udx-v) a(dx —(udx-v) + a 3
expanding
2 v
2/ ¢d \21.2/d 2{d d 2 2
IDII =p (u-éxx--v’ a (a%) -u (ﬁ%) +Zuvaxx-v +a ];
and recombining terms yields the final form of ‘Dll.
2
i 2 s 2,2 2 {d d 2 2
{Dl' =p (u%—v) l(a ‘“)(Exz) +Zuvax1+(a -v)l. (4.35)

The same procedure is applied to matrix (4.24). Substituting the coefficie:

from matrix (4.24)into matrix (4.17)and using Eqs.(4.32) results in

Py ol s o

b p’s? o 0 0 .

IDJ} = o j: 1.NP. (4.36)
0 plst o O
0 0 o i)

Utilicing Eq. (4.34) and letting i = 2, Eq.(4.36) becomes
0

pi| = a,, 13N, +}{,_ -0*N,, +4f, -1°N, d[ 1N,

4- 11
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Expanding terms, periorming the necessary matrix algebra

v,

'-pJ Sj 0
13 i oJ i <l j o j, 2 1'3
Di| =m0 o [=-dSeh sh].
lo o p's

and combining terms yield
. .3 .4
D] - oy s .

Substituting the expression for s) from Eq.(4.32) yields the final form of ID%I
i| - o I8 i)
lDz = () (u r v-‘) . (4.37)

Finally, the same procedure is applied to matrix (4.28). Substituting the
coefficients from matrix (4.28) into matrix (4.17) and using Eq. (4.32) results
in

pS o ...0

: ' NG

0 pS . = (pS) .

0...0 . .- pS

|p,| -

Sutstituting the expression for S from T74. (4.32) yields

|D3I = pNG (u%x!- - V)NG . (4.38)

fince the matrices |D | th.rough |D,| are the diagonal elements of matrix [D|,

the characteristic equation for the system of Eq.(4.16) can be written as

1 i NP
‘Dl:DI*DZ*...*D:'ZI*...*DZ!*|D3l=0 (4.3c,
4-12
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Substituting E;s.(4.35), (4.37) and (4.38)into Eq. (4.39)

2
lDl = pz (ll%}l‘” )2 [(az-uz) (g-’%) -l-Zuv%xz'{»(aZ -VZ)] pNG(

[
e

NG
)
i (o gx - Y
(p) (ll ax - V") =0,
and combining term: - the final forn: of the characteristic equation becomes:
24NG 2 YRR 4

(e 8L . 2 _ W5 (s 3y 4 a2 _ 4] o)) [JLL- =

{Di_(udx \) l(a uIGE) t2uv gt + e .)(p)udva 0 (4.40)

Realizing that pJ;é 0, the characteristic roots of Eq.(4.40) are determined
by setting each of the three remaining terms to zero and solving for dy/dx.

Setting the first term to zero

fud
\

and solving for dy/dx results in

fie
\.;./r
%
Q

dy _ v _
x - & - tan® . (4.41)
Setting the fourth term to zero
: d A
('-1de§- vJ) =0, j=1,NP
and solving for dy/dx results in
gy _ ¥ el jo1np (4.42)
dx - uj - J - [ . 3

Referring to Fig. 4-1, Eqs.(4.41) and (4.42) shows that each of the character-
is..cs is inclined at an angle tangent to the gas velocity vector and particle
velocity vectors re-~nectively. Thus we see that the characteristics are

identical with the , s streamlines and particle streamlines of the flow.

4-13
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The final characteristic root is obtained by setting the second term in Eq. (4.40)

to zero
2
(aZ - uz) (%%) +2uv g%'r (az - vz) =0,

and solving for dy/dx in the following manner:

Applying the quadratic formula

-Zuviv4u2v2-4(az-u2) (az-vz)

&ie

2 (% - ud

expanding the terms under the square root

sz-a4+azvz+a2uz-uzv2

gl:-Zuvgu 2 2
dx 2(@” -uM)

dividing through by 2 and combining terms under the square rcot
4

dy _
= =

- av idaz (u2 +v2) -a
2 2
a -u
and finally moving a.4 outside the square root yields
2 2 2,,.2
g—-uvia wu +v7)/a” -1
dx 2- 2
a u

(4.43)

The first term in the square root may be simplified by utilizing the definition

of the gas Mach number

M = q/a
or
2 2. 2
2 _9q _u +v
M® = &5 = > . (4.44)
a a

Substituting Eq.(4.44) into Eq. (4.43) yields

dy -uv iaz M2 -1
a -u
4-14
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Referring to Fig. 4-1, the following relations may be written:

u = q cosf
v = q sin®
a = sin”! (1/M) = sin'l(a/q)

and
a = q sina

Substituting Eqs.(4.46) through (4.50) into Eq. (4.45)

- qZ cosO sin@ iqz sinZOt cota

dy _ :
dx q2 (sinza - cosze)
dividing through by q°
-cos6 sin® + sina cosa
dy _ - .
dx - 2 2 ’

sin @ - cos ©
and multiplying the numerator and denominator by -1 yields
_ €o0s6 sinb + sina cosa

coszﬂ - sinza

55

To simglify Eq. (4.51) consider the following trigonomeiric identities:

sin(®@ +a) = sin® cosa + cosd sina ,
cos(® +a) = cos® cosa + sin@ sina ,

and cosze - sinza = cos{8 +a) cos(0-qa) .

Multiplying Eq.(4.52) by (4.53)

sin(9 _-l:a,) cos(6 +a) = cosza 8in® cos® + sinze sina cosa

+I|

and combining terms yield

sin(6 Ta) cos(® + a) (sinza + cosza) 8in® cosH

+ (sinZB + cosze) sina cosa ;

4-15
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or
sin(0 :a) cos(® ta) = cos® sind ¥ sina cosa . (4.55)

By substituting Eqs.(4.54) and (4.55) into Eq. (4.51) the final form of dy/dx is

obtained
dy _ sin(® + a) cos(® + a) ) sin(L?a) .
dx " cos(® +a)cos(® -a) ~ cos(®Fa) °’
or
g-xl = tan(® Ta) . (4.56)

Referring again to Fig.4-1, Eq.(4.56) shows that each of the two char-
acteristics is inclined at the Mach angle to the gas velocity vector. Thus we

see that the characteristics are identical with the gas Mach lines of the flow.

In summary, the characteristics of the flow have been found to be the
gas streamlines, the particle streamlines (one for each particle species) and

the gas Mach lines.

4.2 DEVELOPMENT OF THE COMPATIBILITY EQUATIONS FOR GAS-
PARTICLE FLOWS

The relationship assumed in Eq. (4.14)

an.acm%:% = bmn ° for n=1,N and m =1,N

is valid along each of the characteristics. Therefore, we can now substitute
the governing flow equations into Eq.(4.14) and knowing the conditions that
exist along each characteristic, solve for the multipliers, Cm: The corre-
sponding compatibility equations that are valid along each characteristic are
then derived by substituting the proper multipliers into the general compati-
bility equation. The compatibility equations will be first derived in the
pressure-density-velocity form., This form of the equations is used by the
RAMP computer program when the finite rate chemistry option is utilized.

In this form, the local temperature may be solved for directly eliminating

4-16
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the need for a time consuming iterative solution. The compatibility equa-
tions will then be rederived in the enthalpy-entropy-velocity forrn. This
form of the equations is used by the RAMP computer program when the
equilibrium and/or frozen chemistry option is utilized. In this form, the
thermochemical data generated by the TRAN72 computer program may be

used.

4.2.1 Pressure-Densgity-Velocity Form of the Compatibility Equations

Substituting the governing flow, £g535. (4.1)through (4.9) into Eq. (4.14)

results in
forn = 1:
d dy
olpa-}{woz(puaf‘--pv) =0
or
01%%'“’2(“%;;1"') = 0; (4.57)
forn = 2:
. dy _ -
O‘lp~l-p(udx v)(r3 =0
or
ol = (u%xz—v) 0.5 (4.58)
for n = 3:
d d co-
GZExz-°3+(u§xx'v)c4 = 0; (4.39)
for n = 4:
dy _ T I ' -0 -
(udx v)ol a (udx v)o4 = 0 ; (4.60)
for n = 4j+]:
jdy joday _ i - . _ .
p dx04j+l+p (u e v?o4j+2 =0 j=1,NP;
or
Qz ngz_ j - 3 = .
dxc4j+l+(‘l ax v)c4j+2 =0 j=1,NP; (4.61)
4-17
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for n = 4j+2:

- o) J gy . = i =

or
0'4j+1 = (u VJ) 4+3 j=LNP ;
for n = 4j+3:
-vJ)o-4+l=0 j=1,NP;
for n = 4j#4:
o’ (uJ—Y--vJ) 4544 =0 J=LNP
or

(w) G - v Ogjpq = 0 3= LNP;

and finally, for n =4 + 4NP +i:
p(uiz-v)c =0 i=1NG
dx 4+4NP+i -
or,

dy _ = .
(udx v) o 4+4NP+1 =0 i=1,NG.

(4.62)

(4.63)

(4.64)

(4.65)

Now, substituting the values of a n and Cm from Eqs.(4.19),(4.20), (4.24),

(4.25) and (4.28) into the generalized compatibility equation (4.15) yields:

L = (p o, +puc,) du + (pu g;) dv + (0, +uc,) dP + (uo, - a° ug,) dp

j L .
*Zl [‘p %4541 +p) o) " ’d“ + (o) o °4j+3) av) + %yia) ap’

~

j.i j j
w0y, dh|+z‘lpuc4+4Np+idXi+‘§2_o +022pJA (u - u))
i=

j=1
NP

‘o ZpJAJ(v vJ)+a (W - ZpJAJBj)-!- Z[
=

sply]
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§ad j ol ad i joyd
SR SRR LAY SN RS R 4"2"4j+4]

NG
- Z‘”i O4anpail 8 = 0 - (4.66)
i=1 {(Continued)

Equation (4.66) is the expanded form of the generalized compatibility
equation and is used to determine the compatibility equations that are valid

along each characteristic.

To determine the compatibility equations that are applied along gas

streamlines recall that along gas streamlines

%xz = <. (4.41)

dy d =
O} T +oZJg_aJxLeﬂ'_ 0 (4.57)

or
0'l = 0. (4.67)
Equation (4.59)becomes
0
d d
02&1-03 + (%4 = 0 (4.59)
or
g, = 93:-0 =g
2'dy3'v3' (4.68)

Along a gas streamline:

4-19
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Therefore, Eq. (4.63) becomes:

(u"-;i--vj) g0 = 0 J=LNP

or
O4je1 = 0 j=1,NP.
Similarly, Eq. (4.64) becomes

(uj%-vj)oﬁ“ =0 j=1,NP

or

0'4j+‘4 =0 j=1,NP.

Recalling Eq.(4.69), Eq.(4.62) yields

0

= jﬁl- j = j =
oj-l-l (udx v) ¢ 0 j=1,NP

4j+3

or

0'4J-+3 = o j:l,NP.

Similarly, Eq. (4.61) yields
0

Lot + Wl L- =0 -
j+l+(udx vj,c4j+2 =0 j=1,NP

or

Substituting Eqs. (4.67)through (4.72) into Eq. (4.66)
2

2
L = 2‘;—.;3 du +pu o, dv+ (o, +uoc,) dP + (-a uo,)dp
NG NP

+ ;p\x C4 AN PH dXi:—_jzlpj Al (u-uj) oy dx +
1= =
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NP . . . 1%5 .. . N
I Ad (oo o) . j )i z‘f -0 -
+ZpA(v v) oy dx +a, (¥, - ), p’ A B)) ax W, 04 anpy; 9 =0

j=1 j=1 i=l
and rearranging terms yields
2 NP
L = ‘P% du +pu dv +3 dP +Z o AJ[ (-ul) + (v- vJ)]dx‘
j=1

NP . . .
+udP-a2udp+(¢l-ZpJAJBJl)dx0'
j=1

+ Z[°4+4NP+i (pu dX; - W, dx)l = 0. (4.73)
i=}

Since the remaining multipliers, o, are arbitrary, their coefficients must
be zero. Therefore, the coefficient of oy yields

NP
P—du+pudv+ dP+ZpJAJ[-—-(u wd) + (v- vJ)ldx =0

or
pudu+pvdv+dP+§ijjl(u-uj)+§(v-vj)]dx =0 (4.74)
j=1
Since
qZ - u2+v2;
2qdg = 2v du 4+ 2vdv
or

qdq = udu +vdv. (4.75)
Substituting Eq. (4.75) into Eq. (4.74), and dividing through by p yields:

dP J Al j J = 4,7
qdq + +pz:pA[(u u)+ (v - v)]dx . (4.76)
=

4-21
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NP
udP-azudp-l-tlJldx-EpJAJledx =0
i1
or
" NP | |
ap -alap+-dax-1 ¥ platplax -0 (4.77)
j=1

and finally for the coefficient of 04 +4NP+

%?(pu d)(i -viri dx) = 0
i=1

or
pu aX, —\iridx =0 i=1,NG (4.78)

Equations (4.76), (4.77)and (4.78) are the compatibility equations that

apply along the gas streamlines.

To determine the compatibility equations that apply along Mach lines,
recall that along each Mach line

3

= tan(® + a) (4.56)
and,

dy 4 Y

dx u

Equation (4.60) may be rewritten in the form:

dy | - a2 .
gz -Vie,-a"0) =0 (4.60)
Therefore,
o, - az G, = 0
or
o, = azc (4.79)
l - 4 . .
Equation (4.57) becomes
dy ay o -
°1dx+°z(“dx v) =0

4~ 22
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Using Eq. (4.32)

S = u.%i'- v
the expression for o, becomes
2
-a” o, dy/dx
I
Equation (4.58)becomes
I A
o; = (“dx v) o,
or
2
Lt
93 *7F 75

Recall that along a Mach line
ujgf{--vl £0 §=1,NP.
Therefore, Eq.(4.63) yields

0 3i=1,NP

j .(.1.1 - vvj"
@ dx » 0. jo
or

Applying Eq.(4.82)to Eq. (4.61)

0
ds jdy _ i - :
dJ‘y41+(u s v)c4j+2 = 0 j=1,NP

0 j=1,NP.

or,
T4j42 ©

Simil: -1y, Eq. (4.62)yields

0
d L3
%4 . (ujafg-\r3)<x43.+3 =0 §=1,NP

4- 23
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or,

0443 = 0 J=LNP.

Equation (4.64) yields

ax v)04j+4-0 j=1,NP
or
°4j+4 =0 ji=1,NP
Finally, Eq. (4.65)yields
dy _ - =
(udx v) C444NPH = 0 i=1NG

or

C444NPH = 0 i=1,NG.

Substituting Eqs.(4.79) through (4.86) into Eq. (4.66)

pu a’ %4 gy pu al LA a” Ty dy/dx
L= ({pa 04 - 3 dx)d + S dv+(-——T—-ru0'4)dP
0

2 spv 2 aZ"4,"3’/“"
+(ua a ua4)dp+ -;La L ijAJ(u €v)

2 NP NP
a ¢
4ZpJAJ v - vJ)+c4< ijAJBJ)
j=1 j=1

= 0;

and rearranging terms yields

2 2 2
L = (paz - A %xz)du + 822 gy +(u -5 ﬂ)dp

[We

ofeer 22238 a8 j, dy 3% o ad s}
ya S P (v-v’) - (u- u) +mpl- pABldxa
j=1

j=1
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Since the multiplier, Cys is arbitrary, the coefficient must be zero. Therefore,

2 2 2 2
2 pua _(_11) Pu_a a QI) Spv a
- du + dv ¢+ -—= dP + dax
("a § &M TTs VYT ax m
a2RK 5 i oI 8y 3 jgl
+?Zp)A [(v- )-(u-u)dx]dx+¢ldx-ZpJA Bidx = 0 (4.87)
=1 i=1
The coeliciert of du may be rewritten in the form
2
d 2 - dx 2
paz-gusa & . pa (s uéi!L_) = pa® (- ls’.)-) . (4.88)

The coefficient of dP’ may be rewritten in the form

2>
_g,igy_ _ uS—aZdy/dx _ u“dy/dx-uv-azdy/dx
-5 ax T S = S
or
2 2 2
a_dy _ (u - a”) dy/dx - uv
u-de = S (4.89)

Recalling that

d -uviavaZ-l
dx ° 2 2
a -u
and rearranging terms
@-uh L - uvrafym®ar
W -aH gL = v Falymia
finally, s 2
(u -a)%xx-uv = TalyMmio1 . (4.90)
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Substituting Eq.(4.90) into Eq. (4.89) yields

z -
O T T 1

dx S

Substituting Eqs.(4.88) and (4.91) into Eq. (4.87)

Z 2 Z

2
-—pvdu+ pudv-l-? Mz-ldP-l-é%—dx

ml“’

j=1

d  iding through by azp/S and rearranging terms yields

_ ¢
udv - vdu +JMZ-1Q+ v o 1)sax
P y 2

pa
NP
+il>' o Al [(v-vJ)dx-(u-uJ) ay - 5 Bl dx] =0
5=l ?
Recall that
u = qcosd,
= q 8in® ,

and dy/dx = tan(® + @) along each Mach line.
Therefore, S dx may be rewritten in the form
d

Sdx = (uExZ

and upon rearranging terms

%: Aj[(v-vj)dx-(u uj)dy]+tbldx Zp’AJBde
J:

-v)dx = (q cos® tan(@ +a) -q sin@) dx

Sdx = qdx|coso 2ROFA o BM).]

L cos (8 +a) cos (@ +a)
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Sdx = —319 _ [c0s0 sin(@ T ) - sin 8 cos(el'q)l . (4.94)
coc 0 +a)

To simplify the above equation consider the trigonometric identity:

si.nl(ﬂ?a) 19] = cosf sin(d +a) + sin@ cos(® + @) . (4.95)
Therefore,
Sax = —31¢x sinf(e oo -o| = quxizltad
cos( ta) cos (8 +a)
or

g sind

cos(® +a)

Sdx = + dx . (4.96)

From Eqgs. (4.46) and (3.47) above the following expressions can be written:

du = - g sin@ d6 + cos0O dq (4.97)

and
dv = q cosO dO + sinf dgq . (4.98)

Therefore, the first term in Eq. {4.93) may be written as

udv - vdu = qZ cosze d9® + q dq sin® cosO + qZ sinze dd - q dq sin® cosd
or

wdv - vdu = q° d8 (cos?e + sin’0)
and finally,

udv - vdu = qz de . (4.99)

Substituting Eqs.(4.96), (4.99) and (4.50) into Eq. (4.33) yields the final form
of the compatibility equations that apply along Mach lines

- : RV
qzde +cota9-13+(6qsme + l)+ q sina )dx
)

p y paz cos(8 ta
(4.100)

+ %Z ol Al [(v-vj) dx - (u-uhfay - fz- B} ax = o
=1
4-27
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Finally, to determine the compatibility equations that apply along the particle
streamlines recall that along each particle streamline

4
jay
W.h -0,
or
Sll=."i= j 4
& "5 tan@ (4.42)
and that,
ﬁ‘lf!
dx a

We may immediately rewrite Eqgs. (4.79), (4.80) and {4.81) which were derived
for Mach lines.

Equation (4.79)

2
o'l =2 0,, {(4.101)
Equation (4.80) 2
a“o, dy
oz = -—3 ax (4.102)
Equation (4.81)
o, = ocd 4.103
357§ - (4.103)

Then applying Eq. (4.42) to Eq. (4.61) yields

0
dy jd = j=

dy

& %ajp =0 i=LNP
or
Og4p = 0 J=LNP. (4.104)
Similarly, Eq. (4.65) yields
dy _ - o
(udx v) Oppanpyi = 0 1= 1.NG (4.65)
4- 28
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or,

C444NPH - 0 i=1,NG. (4.105)

Substituting Eqs. (4.101) through (4.105) into Eq. (4.66)

a o

2
. 2 2
2 u a d a 4
L =(pa, 04-L—'64—1>du+%04dv+(104- -l)dP

=7

S S dx

NP
2 2 IS iy pl '
+(ua Gy-ua 0'4)dp+ [p u °4j+zd“ +p'u 04j_'_3dvJ
N j=l
2

b pv azo a o NE
+p) Jo4j+4dh1]+——idx- S4%xy-ZpJAJ (u - o) dx
=1

25 NP NP
4Epjj W) ax + ¢deEPjAijdx
+ S A (V" ) 04 1 -Y4 1
j=1 j=1

NP

PN PN PO -pl A j 3 ¢ = 0.
+Zl[pA (a u)0'4j+2 P A (v-vJ) 0'4j+3+p 4";0'4j+4]dx = 0;
J:

and rearranging terms yields:

2 2
2( ud) 2u a ) bpva
a (1-29%) gy +palav+fu-2-9¥)gp+ 822 4y
p S ax) e tpPa gdv (“ S Y

_ d
L= ax

NP
22 - . j S
*?E pJAJ[(v-vJ)dx-(u-u)dy-—zsldx]+¢ldx o4
. a
j=1

Np - - . -
+ Z[pJuJ dut - pJ Al (u-uJ) dx 0'4j+2
j=1 |
Np ° - : s . Y -
+ [pJquvJ - A (v-v)) ax 04543
j=1 )
[ i s o 4
+ [p ol and + o 4d dx] Cyjea = O - (4.106)
=1
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Since the remaining multipliers, ¢, are arbitrary their coefficients must be

zero. Therefore, the coefficient of ¢

4 yields

2 2
2 ud 2u a_dy épva
pa (l-sé)du+pa de+(u——s i)dP+ y dx

NP
+5‘s—2 o AJ[(v-vJ) dx - -ul) ay - 8 dx]-l- $ax = 0;  (4.107)
j=1 2
the coefficient of c4j +2 yields

NP

Z [pjuj aud - ijj (u-uj) dx] = 0;

i=1
or

wWaw = Al w-u)ax j=-1NP. (4.108)
Similarly, for the coefficient of 0'4j +3

NP ]

Z[pj ol av - pd AT (v - V) dx] =0

5=1
or

wWard = AVw-vhax j-1,NP; (4.109)

and finally for the coefficient of ¢ 4544

NP . [ ] 3 . -
Z[pJ v’ db? + p? A dx] =0
j=1
or
wdn = -¢J2dx j=1,NP. (4.110)
Recalling that
. . .4
Wb = 2AlcI (. + 32 ,,[eJ Th - 'r4]; (6.23)
2 3 m d
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Eq. (4.110) becomes

.. CL . . .4
w dn) = -[%AJCJ (TJ-T)+-3J.LJ.- [53 (th -d T4”dx j=1,NP (4.111)
m-r

Before evaluating Eq. (4.107) it is necessary to examine Eqs. (4.57) through

(4.60) with S= u dy/dx - v non-vanishing (S # 0) as in the case along a particle
streamline.

Equation (4.60):

2
St)‘l -a 50'4 =0
or
o, = azo ; (4.112)
1 - 4’ °
Equation (4.58):
o, = 50'3
or
03 = cl/S
finally, al o
o, = 4 . (6.113)
3 ° S i -
Equation (4.57):
dy -
o) 3x +GZS =0
or 2
o a“ o
- .l dy _ 4 dy
6, = -Fg E = -5 & (+.114)
and finally
Equation (4.59):
dy _ .
Gy 3 <:r3+S¢74= = U, (4.59)
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Substituting Eqs. (4.112) through (4.114) into Eq. (4.59) yields
az %, 212 az 04
-5 (@) -5 #s0y = 0
or
2

[ (&

2 2 -
-a +S]a4 =0

In the above equation, either o, is zero or its coefficient is zero.

Along particle streamlines:

dy _ o
dx j

u

A ssuming 04 = 0, Eq. (4.115) becomes

jz
-azyf -aZ+SZ = 0.
)
Recalling that
= Q.
S—udx v
or
vj
S=u=.v {0;

u

s 2 2 .
_aZ(y_{_)_ az-l-uz(-v-i.) -Zuv-v—{ -I-vz =0
o )
or < \2 .
(uz-az)<-vi) -Zuvij -l-(vZ -az) =0
u

Solving for =,
")

az)

vj 2uviJ4uz’vz-4 (uz-az) (vz-
ol 2 @2 - a9
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upon rearranging terms,

vj uv_-l:"uzvz-uzvz-l-azv2+a2u‘?'-a,4
j u2 - az
Vj uv + Jaz (u2 + vz) - azﬂ
uj 2 a2

j uv+a2‘&u +v)/a

5%

i -uv ;l-_a2 J(uz'l"\fz)/a2 -1

2 2
a -u

K

This equation has the same solution as Eq. (4.43), that is:

—V—J.- = tan(0 Ia) .
u’
However, for a particle streamline,

j .
= tameJ H

I

therefore the assumption that the coefficient of Oy in Eq. (4.115) vanishes
does not apply along particle streamlines, hence the multiplier o, must be
equal to zero and Eq. (4.107) is not valid along particle streamlines. In

summary, the compatibility equations that apply along particle streamlines
are:

d j ;o
i "—J = tan®) j=1,NP
u
Wdd = AJu-uwhax j=1,nP (4.108)
Ward s Al -vhax j=1,nP (4.109)
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and

.. c s . Y S
wadn = --32-AJ (ol (TJ-T)+—%.0-—j [eJ(TJ) - o 'I‘4]]dx j=1,NP (4.111)
m-r

4.2.2 Enthalpy-Entropy-Velocity Form of the Compatibility Equations

Recall the pressure-density-velocity form of the compatibility equations
that apply along gas streamlines

NP
dP . 1 j j[ S N AP -
qdq+p+pjz_:lpA (- +L( v)]dx =0 (4.76)
2 ¥ I o
dP - a dp+de-;ZpJAJBJldx=o (4.77)
j=1
pudX -w, dx = 0 i=1,NG (4.78)

Equation (4.76) may be written in the enthalpy-entropy form using the thermo-

dynamic relations

2

G

dP
TdS = dh-—p--zuidxi (3.88)
i=1
2
H=h+t (3.68)

g

and the definition of the local speed of sound.

From Retf.9 it is shown that since the particle velocity and temperature
do not change through a discontii:uity and since there is a finite relaxation
time associated with changes in the particle properties, then an infinitesimal
weak disturbance must travel at the gas-sonic speed. That is to say, the local
speed of sound of the gas-particle mixture is unaffected by the particle anad is
identical with the speed of sound of the gas; hence, it can be expressed by the
following

a? - YyRT.
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From Eq. (3.68) we may write

dH = dh +q dq
or
dh = dH - q dq L :6)
Rearranging Eq. (3.88)
& _ dh—Tds-%u.dX.
P &~ i N

substituting for dh from Eq. (4.116)

dP & .
> = dH-qdq—TdS-ZuidXi

i=1
and rearranging terms yields
4P NG
o tadq = dH-TdS-ZH-idXi. (4.117)
izl

Substituting this result back into Eq. (4.76) yields the final form of the com-
patibility equation

NG NP . .
dH - TdS - 3 M.idXi-i-bI-ZpJAJ[(u-uJ) +-:—(v-vj)}dx =0 (4.118)
i=1 j=1

Equation (4.118) may be rewritten using the definition of th:- local speed of

sound.

Solving for temperature

2 sinza
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and substituting the result back into Eq. (4.118) yields
2 sin’a S 1 = J Al jy 4 ¥ i =
a-q? B2 a5 S pmax 45 ) 0 A [w-ud -] ax - 0 a0
i=1 j=1
Next, we examine Eq. (4.78).

Equation (4.78) may be rewritten in the form

P q cosd dX; = w, dx i=1,NG (4.121)
or “.’i dx
dXi = pqcosd i =1,NG (4.122)
By letting ) v;'i
Xi = F’ ,
Eq. (4.122) becomes
li dx
dxl = q cosf i=1NG
or finally,
q cos® dXi = Xi dx i=1,NG. (4.123)

Equation (4.77) may be written in the enthalpy-entropy form using the

thermodynamic relations

C 2
= (=P . )(.‘:i_P - a_ﬂﬂ) 3.97
TdS = (R 1 2 ' (3.97)
and NG
U, = — ) pow (3.104)
1 ST /R-T & MV '
Rearranging Eq. (3.97)
2 T 4%
dP -afap = LR (4.124)
P
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and substituting for T from Eq.(4.119) yielde

2 pq smzads
dP -a"dp = 'Y(C e TR (4.125)

Replacing the first two terms of Eq. (4.77' with Eq. (4.125)

pqz sinzadS +_q:ldx_lNF JAJBJdX = 0:
v {(C_ - R) u uzp 1 - )
p j=1

substituting for ¥ from Eq. (3.104)

2 .2 o NG NP
pgf(csm-cl‘!;i +(CR-R)uL“i""’idx"llIZpJAJ By dx = 0 (4-128)
P P i=1 j=1

ind using the relation Xi = \i'./p results in

2 .2
P g9 sin a dS i J Al J -
¥, -R T, -R)qcoseZ“ dx ZPA Byax = 0.

Dividing through by pR/\C - R), and recalling Eq. (4.119) yields

. - RN
; coseL B X, dx—l——z pl Al Bl ax =0 (4.127)
i=1

T dS +

where

I o .4,
i_gi.aq +2c (TJ-T)+-T3-EJ.—-J=[83(TJ) - T4]; (4.103)
A’m’r

.—-.«_—\

The final form of the compatibility equations that apply along gas strezamlines
are summarized as follows:

Equation (4.127)

NG
1 NFTIRY S - jalpi -
Tds+qcose Zﬂ-ixidx wpR Zp A Bldx = 0, (4.128)
i=1 j
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Equation (4.118)
NG NP
dH - T dS -E 1, ax; +%ij Al [(u-u") +¥ (v-vj)] dx = 0  (4.129)
i=1 j=1

and
Equation (4.123)

qcos® dX = X, dx i=1,NG (4.130)

The pressure-density-velocity form of the coampatibility equations that
apply along Mach lines are

_ ; . /] _ .
qsz +cota§2-l-('s"1 sind 12)(+ qsu_::! )dx
p .y pa cos(8 + a)

NP
+%Zp’ Al [(v-vJ) dx - (u-u)) dy - S—Z B) dx] = 0. (4.100)
. a

j=1
Substituting Eq. (4.117)
4 NG
< = dH - TdS - qdg - ) M, X, (6.117)

i=1
into Eq. (4.100)

NG
q2 de + cota (dH-T dS - q dq -E B dxi) g | Bmg (éq sind
o cos (0 +a) y
i=1
P NE . . . . .
+—li)dx+lZPJAJ (v-vhdx-(u-uhdy + q-smaz 2BJ ax| = 0 :
pa P j'—'l COS(B +a) q sin
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dividing through by qz, and expanding wherever possible yields:

NG
de +cota dH +cota T de-_C?;a dq +cot Z
izl

2 2
q q
_ . . _ sina
e L dx+——z pd Al fv - ) ax - @-ud) ay
cos(@+a)y qpa cos(® +0a) pa j=1
BJ; dx
+ =0 (4.131)

" q sina cos(8 ta)

Equation (4.131) may be rewritten in the following manner:

Recall that

T ﬂ—yil‘{‘—ﬂ‘ , (4.119)
1 .
v > s, (4.109
and W,
X, = )

Therefore, the third term of Eq. (4.131) may be rewritten as

ctaz'za
TdS = <2 %5‘“ ds

q q9 YR

cota

or

sina cosa
> = YR das . (4.132)
The seventh term may be rewritten as
NG
. 1 - .
sino 4. dx sina [(Cp R-1) Z‘ “’iwi dx

1 - i=1 (4.133)

q pa2 cos(8 + a) pq3 sinza cos(d +a)
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or

sina ¢, dx Wﬁ Z Xy ) (4.133)

qpaz cos(0 +a) q sina cos(® + @)

A portion of the eighth term may be rewritten as

(v-vj) dx - (u-uj) dy

dx (v-vj) - (u-uj) g-xxl

= dx (v-vj) - (u-uj) tan(ﬂ?o)]

= dx (v-vi) Ses@ta) i) singeIo)]

cos(0 +a) cos (8 +a)

finally,

(v-vl) dx - -ul) dy = —L=— l(v V) cos(®Ta) - {u-ud) sin(® +a)l (4.139)
cos(® +a)

Substituting Eqs. (4.132), (4.133) and (4.134) back into Eq. (4.131 yields
the final form of the compatibility equations that apply along Mach lines

cota sint cosx dS — cota dH — 6 8in® sina dx

de + dq + +
YR q2 y cos(@ +a)
NP pi
r— - - ZPJAJ[i (v -v)) cos(@¥a) ¥ (u-u) sin(e Fa) + ina

pqa  cos{® +a) =1 qs

= & NG
c7R-1 Mk
cota i=1
Z“ ax; + =0 (4.135)

q sina cos(® +a)
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4.2,3 Compatibility Equations for Equilibrium and/or Frozen Chemistry

Recall the enthalpy-entropy-velocity form of the compatibility equations.

Along gas streamlines:

| NG ] (C -R) NP J
\ i ad -
TS + oo ;#i?(idx Zp alBlax = 0 (4.128)
and
NG le o ) ]
dH - T dS - Zu dx; +3, p? Al [(u-uJ) +§-(V-VJ)]dx = 0. (4.129)
i=1 j=1

Along Mach lines:

cota sinx cosa dS — cotax dH 3 6 =in® sina dx

a8 + =% 4q + * 7
YR q y cos(6 +a)
Bl

+ dx Z pJ Al T (v- VJ) cos(@+a) ¥ (u- uJ) sin(0 +a) + silna

pq cos(9 +Ol) ’

dx NG
NG cp,R-l.Z:lulx‘zo

5T X . e

q ! 1 q~ sina cos(8 +a)

For any closed system which is in the state of complete equilibrium the

NG

2; B, dx,
1=

NG .
Zu'ixi
i=1

must be zero (Ref. 40). Furthermore, for chemically frozen fiow Xi and dXi

terms

and

are obviously zero since there are no changes in the chemical species con-
centration. Therefore, for the case of equilibrium and/or frozenr chemistry

the above equations reduce to the form:
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Along gas streamlines:

(C R)
T dS - z o Ad BJ =0, (4.128a)
and
NP
dH - T dS +%E [(u P 4 L (v - v’)] 0. (4.129)
j:
Along Mach lines:
a8 icota dq isina clgsa dasS ;cotade ;6 8in® sixfx dx
q Y q y cos(® + Q)
NP Bj
e 2 p Al + (v - ) cos@F) T (u-u) sin@Fa) + s‘.ma] (4.135a)
pa”~ cos(® +a) i1 q

4.2.4 Summary of the Compatibility Equations for Gas-Particle Flows

The characteristics of the flow have been found to be the gas streamlines,

gas Mach lines and particle streamlines (one for each particle species).

Pressure-Density-Velocity Form (for Chemical Non-Equilibrium and Transi-
tion Flow Applications)

The slope of the gas streamline, 8, is given by
dy _
= - tanf (6.41)

and the com.patibility equations which apply along gas streamlines are:

NP
qdq+gp£+%z:pJAJ[(u-uJ)+£—(v-v3)]dx =0, (4.76)
j=1
2 4‘1 INP .o s
] e LS Aipd ax =

dP - a°dp + —dx uZpAB,dx-O (4.77)

=1
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and
pu dx; - v’vi dx = 0 i=1,NG (4.78)

The slope of the Mach lines (left running characteristics and right

i1 mnning characteristics) is given by
dy T
= tan(6 +a) (4.56)

and the compat:bility equations which apply along each Mach line are:
dP 6 q sin® ll"l — q sina
q do + cota — t— N\t ——)dax
p y pa cos(8 +a)

NP
%Z ’AJl(v-VJ)dx- (u -ul) dy-%BJl dx] =0 (4.100)
a

Equation (4.100) may be written in the more convenient form

de ¥ cota db + $5in® snf dx + dx E pJ AJ +(v- vJ) cos(8 +a)
Pq y cos(8 +a) pq cos(® +a) 4

2
j=1

1
q sina

Fu-u)) sin(e Fa) + =0 . (4.136)

ax NG
B cp7R-1Z“iX1
- i=1
] <:13 sina cos(e-l:a)
The particle streamline direction, (-)j, is given by
ay _ v ;oL
i tan® j=1,NP (4.42)
u

and the compatibility equations which apply along particle streimlines are:

waw = Alw-uydx j=1,NP (4.108)
Wad = Al w-vhax j=1,nP (6.109)
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and

o anl = [ alcd (i 'r)+ j [53 'rJ) -dd T ]]dx j=1,NP (4.111)

Enthalpy-Entropy-Velocity Form (For Chemical Equilibrium and/or Frozen
Flow Applications)

T'he slope of the gas streamline, 8, is given by

g—zx = tan® (4.41)

and the compatibility equations which apply along gas streamlines are:

dH - T dS +%§ o Al [(u-uj) +¥ (v-vj)] dx = 0 (4.129a)
j=1
(C R) N
T dS - 2:p3 Al BJl dx = 0 (4.128a)
j=1
where
i - 1 P s e B s B IPCR IPE S ____JJ J4l
Bl-qR_-lq Aq q Aq’ + 3 (T T)+A3m‘r3[€ (T)) -/ T (3.103)
; j
Al = 2t (3.46)
21 3,32
m” (r’)
and )
: )
cl = kG- (3.83)
il
The slope of the Mach lines is given by
-d-z - -
= = tan(®%a) (6.56)
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and the compatibility equations which apply along each Mach line are:

coto d sina cosa dS = cota dH e 6 sin® sina dx

de + qQ + + —
YR q2 y cos(9 +q)
NP Bl
dx Z i ad j Tor T u - oy sin(e T 1
+— ~ P A+ (v-v)) cos@Fa) T (u-u)) sin(@Fa) + — ~| (4.1352)
pq cos(® + a) i=1 q sin

The independent variables are x,vy,q,0, P, p, uj, vj, hj and pj in the
Pressure-Density-Velocity form, and x,y,q,0,H,S, uj, vj, hj and pj in the
Enthalpy-Entropy-Velocity form. 6+4NP unknowns are required to com- -
pletely define the gas-particle flow at a given location in the flow field. The
above equations provide only 6+3NP compatibility relations. This is because
a compatibility relation does not exist for the particle density and results
from the assumption that the particles do not contribute to the pressure acting
on a control volume in the gas-particle system. As originally shown by Kliegel,
(Ref.10) this can be resolved by utilizing the following incompressible flow re-
lation to obtain the particle density.

l

. . ; . O . . . & .
am? = 2n® P ud () ayd - VI (v Qx” (4.137)

and
6 takes on the values

6 = 0 for two-dimensional flow
1 for axisymmetric flow

4.3 FINITE DIFFERENCE SOLUTION OF THE COMPATIBILITY EQUATIONS

To solve the system of compatibility equations it is first necessary to
write these equations in finite difference form. Notice that the equations de-
scribing the particle properties were derived for a discrete particle. To
account for more than one particle size or species, n discrete particles are

allowed in the numerical solution. The streamline of each additional particle
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is an additional characteristic curve; and the solution is obtained by applying

the particle compatibility equations independently for each particle along its

streamline.

The equations are cast in a form suitable for the calculation of an

interior point in the flow field. For special points, such as along the nozzle

axis, the nozzle wall, the limiting particle streamline and a free boundary,

certain boundary conditions in the flow field are known which allow some of

the equations to be discarded. The characteristic net for an interior point

is illustrated by Fig.4- 2.

The difference equations for the gas-particle system of compatibility

equations in coefficient form is given below.

The slope of the gas streamline, 0, is given by

Ay 5-3 = tanb

Ax 53

and the compatibility ejuations which apply along gas streamlines are

Pressure-Density-Velocity Form for Finite Rate Chemistry

_ AP 4
q5'3Aq5_3+ 2 +C3p =0
5,3
AP, , -3%2 . Ap. . +C, =0
5-3 75,3 5.3 "2, T
and,
P .U o AX. -w,  Ax =0 i=1,NG;
5,375,3 Vg 3 " Tig 5 © 5-3

(4.138)

(4.139)

(4.140)

(4.141)

where the barred values are averages over the step length, and the coefficients

are defined as follows?t
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Right Gas
Mach Line

Particle
Streamlines

Left Gas Mach Line

Normal

Fig.4-2 - Characteristic Net for an Interior Point
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NP
155 & [ -5 ) cosh. . 4@, -F) Leind
€3 =3 7,38 5 (@55 9 cosBy 5+ (5 3-7h, yeial; 5|aLy
p P -
5,3 j=l
and 1
C. -1 NG NP
Y| _Ps,3 - T - =i =i |Abs-3
C. ={|—22 . w. -) pl.Al.B —==3
2 ﬁ 15 3 15 3 5,3 5,3 15 3 -
p 5,3 |i=l ' 2 Ty=1 »2} 95,3

AL is the step size along the streamline.

Enthalpy -Entropy -Velocity Form for Equilibrium and/or Frozen Chemistry

and
ASS-3 = CZ (4.143)
where _
C -1 NP
. . . . AL
c. - [ P53 Z 5 &l LB 5-3
2 R 5,37°5,3 15 313 T -
5,3 j=1 131Ps, 3 *5,3%% 3

The slope of the Mach lines (left running denoted by subscript 2 and
right running denoted by subscript 1) is given by

Ay _ -
Ax 1,2 = t:—mﬂl,2 (4.144)

where
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and A takes on the values

1 for interior solution
"l = 11 for lower boundary solution
G for upper boundary solution

1 for interior solution
AZ = {0 for lower boundary solution
for upper boundary solution.

The compatibility equations which apply along each Mach line are:

Pressure-Density-Velocity Form

20, ,¥Q) ;AP , TG, ,4Cl , = 0 (4.145)
where the coefficients are defined as follows
Cosal’z
Ql’z ) sing 32 0
1,29, 2P, 2
- ) 6sin61’zsinal,2Axl'2
1,2 © = =
¥y, 288, ,
and
NP ) ) )
_ ~ N = = = == = oz
Cl, .= pl.zAl,z[i“’l,z vy, 2) co8B ) 5 +(u; 5-uy ) sing) 5
=1
NG
-ﬁj i ’Yi
Ly | Ax) - iz L2 L2 axy o
+— - — — ¥ - — =
q) p8ind; HJ| Py 59y pc088; , q) ,sind) ;co8p) , Cy
’ ’ ? l z . l
R 2
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Enthalpy-Entropy - Velocity Form
49, ,+Q, 549, ,1B, ,+Cl, ,AH, ,+G, ,+Cl, ,
where the coefficients are defined as follows

cosQ 1,2

Q
1,2 = —
sind; 29,2

cosal’ 2 ASI, 2

1,282

sina
By, = — %
? o

COSE
CI - —_—l‘—-———

1,2 . - -
smal, 2 ql’ 2

a 6 sinGl’ 2 sinal’ 2 Axl’ 2
1,2 -— -
¥y, 2 €oB; »

and

NP
cl, , = S‘Ej Al 1+ @, .-V )cosB, ,F (@, .- .)sinB
1,2 1,281,212 V1,271, 2 1,2Y 0y 2791, 1,2
=1

3
. Bl ax,
- - == =
9y, 2 8in%; L]0 59 ;co8B, ,

Finally , the particle streamline direction, eJ, is given by
Ay’ =
- 4.3 = tandy , j=1,NP

AxJ
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and the compatibility equations which apply along particle streamlines are:

VR ot j ‘=
Duy 3 = C2y 4 axy, ,  j=LNP (4.148)
i . T3l j -
Avy . = 34, 3 Axy 3 i1, NP (4.149)
and
i . Ta) J -
Ah4-3 = 44,3 Axy 5 j=1,NP (4.150)

where the coefficients are defined as rollows

. . (a -uj )
i . Al 43 43
C2y 3 = Ay 375
Us 3 (4.150a)
. . (v - v )
| N 4,3 Va3
C3,3 = 84,3773
4,3
and
- EAJ Cj (TJ T ) + 30413 6] (TJ )4 J T4
34,3 %74,3'4437 74,3 i j 3,314 3 "% 3743
cal . My 3743
4,3 " j
Y33

The difference form of Kliegel’s incompressible. flow relation is

: =i (= - = 6
wid =05 G [E L 6 el ¥ L acf |- was

An iterative solution is employed to determine the properties of the flow
at the new point. For the first pass of the solution the :-arred values are ap-
proximated by the conditions at the known points, e.g.,

8, =0

1 1

After the appropriate set of equations has been solved a new estimate of the
barred value¢s is made, e.g., 91 + 93

8, = )

|
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The iterative process is continued until the desired convergence is

reached.

The mechanics of the numerical solution for a typical point are quite
involved. Section 7 presents the mechanics of the numerical solution for the

different types of points encountered in a typical gas-particle flow problem.

4.4 DEVELOPMENT OF THE PARTICLE DENSITY RELATIONSHIPS

Kliegel's incompressible flow relation
X 8 oilud i avd - o3 ohy® axd
dam! = @20’ pl o (v ay! - V) ax (4.137)

will now be used to develop the particle density relationships required to

solve for the particle density at each of the different types cf points encountered
in a typical gas-particle flow problem. The particle density relationships will
be derived for an interior point, a lower boundary point, a particle limiting
streamline point and an upper boundary point. The particle density relation-
ships for the remaining type points (such as a shock point) will not be developed
because each is subject to the same boundary conditions as one of the above

four cases and therefore yield the same results.

4.4.1 Interior Point Solution

Consider the characteristic net for an interior point

A
1-3 //\. Left-Running

—— - .
——— Characteristic Line

3
7
// \Right-Running
P Characteristic Line
>

Normal
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Applying the principle of conservation of mass to the above system, we may

write

m , =m , -i-m:,,_2 (4.152)

Each term in the above equation may be solved for by applying Eq. (4.137)

between the proper points.

Points 1-3;

o,u +pu)(yy6-yy6) ®,v +PV)(Y6+Y6)
- -(z)‘5 1°1 3730 W17y 373 11 373 Yy 3(x-x)(4153)
1-3 - e 2 5 2 3 1773 .

2 2

Points 3-2:

0.0, +Pus) (vayd - vo5d) 0,v, +pva) (v +yd)
m _(2)5 22 TP3U31 Y3¥3 " Yoyl W2T2 "P373 2 3(x_x) (6.154)
3.2 - \e¥ 2 56 2 26 3772 :

and points 1-2:

6 o 6 6
o[019) *P2up) 1Yy - voyg)  Pyv) + RVl (g Y

m, , = (27) | 5 ; > 3 (x, -xz)] (4.155)

The particle density relationship at point 3 may now be determined by
substituting Eqs. (4.153), (4.154) and (4.155) into Eq. (4.152) and solving for p3.
Equation (4.152) becomes:

& é , é
(yu, +P,u,) (y,¥5 - Yo¥3) - 0V +P,v,) (r] + yo) () - x,)
= (Pguy +P3u5) (7,95 - y3yD) - (0yvy +pyv) ] +¥D) (x) - xy)
141 TP3u3) ¥y - ¥3¥3 1V1 TP3V3) Yy TY3) Xy = %s

6 6 6 6
+ (pzuz +p3u3) (Y3Y3 - 72Y2) - (pZVZ +P3V3) (Yz + Y3 ("3 - xZ) . (4.156)
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To solve for P

expand Eq. (4.156)

pyu, (ylvf - vzyg) -V (yf t yg) =) - x;) +p,u, (ylvf - vzvg)
- Pyvy 9] +¥3) by -x;) = Pyus lyy¥) - ¥y
- pyv) ] +¥3) (x) - x3) +Pqus (73¥3 - vo¥3) +R1u; )y} - yay))
+p,u, (y3y§ - vzyg) - Py, (vg + yg) (x5 -x,) - Pyvy (yf + yg) (x; -%5)
- P3vy ‘Vg + Vg’ (kg - x50 5

combine terms to form coefficients of pl,pZ and Py

Py lul(ylyg - ¥ay3) - vy ) Hy) () - "z’] 0, l“z‘h"? - ¥,93)
-V, (Y? + Yg) x, - xz)] = Py [u3(yly‘: - y3yg + y3vg - yzyg)
- vy} HyR) ey - xg) - w5 +v5) g - xy)]
+0y [a1019] - v3¥3) - V0] +v3) (g - xp)+egfuatras - v
- vz(vg + Yg) (x5 - xz)] ;

isolate [ and its coefficient

"3‘“3"’1”': - v - "3[“’2 +yg) ey - xy) + iy, +y3) by - "z’]l

i 5 5 6. 6 5 5
=Py [“1"’1"1 S ¥a¥a) - Vil typ) (k) - %) - uylyyyy - yayy)
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6 6 6 6 ) 6

+ vl(yl + Y3) (xl = X3)] +92[u2(71)’1 = VZYZ) - V(Yl + YZ) (xl - xz)

6 ) 6 6
SuLlyays - yoy,) Hvoly, Hyg) (xg - x?_)l ;
combin~ ::rins on the right hand side of the equal sign
) & 6 6 6 )
= pl‘ul(y?’y?) = YZYZ) = Vll(}’l + Yz) (xl = xz) = (.Vl + Y3) ‘xl = x3)]\

5 5 I N S N _
*pz{“z"’l"l - ¥3¥3) - "2[("1 tyo) (x) - %) -y Hys) (=g "2’]\ ;
and finally solving for Py

1

P3 = ; 5 5, & 5. 8
a3ly 95 - vaye) - va[iwgHrd) b xp + 3 4vd) by - x|

6 6

6

5,6 5, 6 6 _ . .
- v1“”1 typt by o xp) - by tyg) Bk - x3’”‘““’2 uplyyyy - ¥3¥s3)

o 6 6 )
- - - iy - &,
vzl(yl + yz) (xl xz) {ys + y3) (x3 xz)l“. (4.157)
4.4.2 Lower Boundary Pcint Solution

The lov-er wall point and free boundary point are the two types of lower
boundary points encountered in a typical gas-particle flow problem. To derive
a relationship for the particle density at a lower boundary point it will be
assumed that: (1) the lower boundary runs parallel to the x-axis (for two-phase
only), and (2) the particle streamlines run parallel to the lower boundary when

in the vicinity of the lower bcundary. These assumptiors are valid in nearly
all of the flow problems encountered.
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Consider the characteristic ne. for a point on a lower boundary

/‘ Normal

m, 5 Right-Running
Characteristic Line

L/m3_ 5 Lower Boundary

Applying the principle of conservation of mass to the above system, we may

write

m; o = m ;5 +m3_5 . (4.158)

Furthermore, from the above assumptions r;13_5, vJ5 and v‘; may be set equal

to zero.

Equation (4.158) then becomes

m, . = m ,. (4.159)
Each term in the above equation may be solved for by applying Eq. (4.137) be-

tween the proper points.

Points 1-5:
my = @en® [(plul +;2>5u5) ") -pyvy v, -xs)] (4.160)
Points 1-3:
M, , = (z:r)‘[(plul +p23u3) 4\ TR T -x3)]. (4.161)
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The particle density relationship at point 3 may now be determined by

equating Eqs. (4.160) and (4.161) and solving for pj,
Equation (4.159) becomes:
0y, +pguz) vyyo - 20,7 yS (k) ~x) = (yu; +P3u;) v ¥5 - 20, y] (x) -x5)  (4.162)
191 TP} VY - PV 1T s 191 TRP3U3I VY A0 VY ) T s :

To solve for p3:

combine terms of Eq. (4.162) to form coefficients of Py P and P
6 5 _ 5
P |21V 5 -X3)] ¥ Psug ¥ ¥y = P3¥3 ¥y

and then divide through by u3yly?

Pgug - 2p V) (x5-%;)

Y3
4.4.3 Particle Limiting Streamline Point Solution

Consider the characteristic net for a point on a particle limiting stream-

line

Normal .
mJS-3 = 0.0 Particle Limiting
ZX /_ Streamline for Species j
3

Left-Running Characteristic L.ine
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Applying the principle of conservation of mass to species j in the above

system, we may write
3.4 ° (4.164)

By definition of a particle limiting streamline, the entire mass of
particle species j is contained in the streamtube formed by the particle
lirniting streamline for species j. Therefore rh%_3 may be set 2qual to zero.
Note that this condition applys only to particle species j; other particle species
may pass through the particle limiting streamline for species j. Equation (3.164)

then becomes

my 4 = Mg , . (4.165)
Each term in the above equation may be solved for by applying Eq. (4.137) be-
tween the proper points.
Points 3-4:

é [} é
. - 2 P (0303 +p4u4) (Y3Yg - Y4Y4) (p3v3 +p4"4) (Y3 + Y4)
m3‘4 - ﬂ) 2 26 - 2 26

(%4 -x4)] (4.166)

Points 5-4:

8 ) 5, 6

Pcu+0,u,) (Ye¥e -Va¥a) OV +P,v,) (v +y,)

. _ 6 | PsT5TPa% s¥5™V4Y4 575 P4 V) \Yg 7Yy
mg = (27) { 5 0 - 3 5 (x5—x4)] (4.167)

The particle density relationship at point 3 may ncw be determined by equating
Eqs. (4.166) and (4.167) and solving for p3- Equation (4.165) becomes:

(93“3 "'94“4) (Y3Yg - Y4Y2) - (P3V3 +p4v4) (Yg + YZ) (x3 "34) =

(Dgug +Pyuy) (gyS - ¥ayg) - 0gvs +0v,) 2 +45) xg-xp) . (4.168)
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To solve for p,:
expand Eq. (3.168)
pP3u; <y3y§ - ¥4Y2) - P3V; (yg + yg) g - x,) +p,u, lv3yg - §4y2)
= Pyvy (vg + yZ) (25 - %4) = pgug (stg - y4y2)-05v5(yg+y2)(x5 -x4)
+ pyuylyg yf-’, - Y4 yi) ~Pyvy (Vgﬂ'Z) (xg -%,) ;
combine terms to form coefficients of P3: Py and p5
p3fos 398 - vayD - va 0} 4y ey - x| = pgfug trgyd - vy
- Ve (g +yg) B - "4)] ¥ p4‘“4 (7575 -¥53) - "4["'2”2’ (g - %4)
- tyd v ) s - x4)]} ;

and finally solving for P

) 1 oy -y y0)
i TR SN NS SN RN L A R
U3l¥3¥3 = Ya¥q) - V3l¥3 T¥4) K3 = %y

Vs g + v3) (g - "4’] * p4lu4(y5yg - y3y3) - "4[(3’2 +y3) (kg - %)

(yg + yZ) (x3 - x4)]}}. (4.169)

4.4.4 Upper Boundary Point Solution

The upper wall point and free boundary point are the two types of upper

boundary points encountered in a typical gas-garticle flow problem. Consider
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the characteristic net for a point on an upper boundary

Upper-Boundary

/
/
//
m J
>4 ﬁ? ’ ™3-4
Normal _/ Left-Running Characteristic Line

Applying the principle of conservation of mass to species j in the above

system, we may write

j = ) - J
mg 4 = m +m3.4 . (4.170)

Unlike the assumption made in the lower boundary solution, the particle
streamlines are not restricted to run parallel to the upper boundary in the
vicinity of the boundary. Therefore, the particle mass flow rate rh-;_:,’ is not
necessarily equal to zero. Physically speaking, thS_ 3 may be considered to
be equivalent to particles "sticking'' to the upper wall or passing through the

free boundary.

The particle density relationship at the upper boundary is derived by
following the same mathematical procedure used in the solution for the particle

density relationship at an interior point. The final result is

1
3 1.6, 6 5, 6
“3(V5yg - Y4Y4) - V3 [(Ys + Y3) (xs 'x3) + (Y4 +Y3) (x3 -X

p3 = ps us(Y3Yg = y4Y2)
o]

6 6 6 6 6 o
- V5 (Ys +Y4) ("5 'x4‘ - (Ys +Y3) (x5 'x3) + p4 u4(Y5Y5 - Y3Y3)

v4[(vg+y2) (g -x4) - (y2+yg) (x4 -x4)” . (4.171)
4- 60

LOCKHEED - HUNTSVILLE RESEARCH & ENGINEERING CENTER



LMSC-HREC TR D867400-1

5. SHOCK CAPTURING OPTION

A shock capturing option has been included in the RAMP code to permit
the computation of two-phase (gas-particle) nozzle flows with embedded
shocks, The gas phase may be treated as either an ic:al or real gas with

equilibrium/frozen chemistry. The particle phase is treated as a discrete

distribution of particle sizes. The two phases interact only in the

transfer of momentum and energy., There is no mass transfer between phases,

i.e., the particles do not evaporate, and the gas does not solidify or

condense,

The inviscid steady state conservation equations for a gas-particle

mixture are given as follows in vector notation:

Gas
Mass V.pa = 0
NP
Momentum v.[(E) pq] +pp + Z pj Aj Ai’j =0
i=1
* > 13 +> -+
Energy V-(pq H) - Z 0J a3 (B‘1 -q- qu) =0
3=1
Particles
Mass V-0 q =0
Momentum 1% ~[(E)j pj q j] - pj Aj A; Jao
Energy vl ady sl ad i -addoad -0

5-1
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These equations, expressed in compact form in nozzle coordinates, become:

SR S - A} ___3__ J - .1.3_2 = 2
n + . [n° (P - 8kP)) + &k 4T +H=0 (5.2a)

and, for axis solution:

Qr

E 2 9 _
vwhere E, F and H are the following arrays of variables:

Gas

pv 0
puv p ijj Auj

pu
E = u +P F= H=
guv sz + P }",ojAj avd
pull pvH }:ijj(Bj —upud -y AvJ)

Particles

3,3 3,3

p u pvv 0
3 32 3. 3.3 P P P
2 Y g RN Wi (5.4)
pruv pv -p~AY Av
pdudn pdydnd odad(md - aud? - avi?
and where

& m 0 2D planer
1 axisymmetric

1 r or y momentum eq.
all others

The nozzle coordinates x and N = r/R or y/R are based on an expanding
scale in the r or y direction proportioral to the nozzle radius (or half-
width) R. This permits a uniform distributicvn of grid points in the r or y

direction.
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Equation (5.2) is numerically integrated by the McCormack predictor/
corrector algorithm which i{s second~order accurate. This algori.hm is given

as follows:

Predictor Step

E = En +% X (E),; - ED)

- ;11,—5— = [{nf, 2, - &t ) - —eam (B - wgn}

- & ﬁ—; (P2, - P - HD Ax (5.6a)
and, on axis (m = 1)

E, = E] - -f;;ﬁ—"f [(F;‘ -xB]) - () - Kp'l’)] - BY ax (5.6b)

Corrector Step

nrl _ 1 . R' Ax =t
B z {(E + Em YT n+1 An Mm (Bp = Ep-1)

1 8 ) —
‘;;.‘._‘1— 6!_\ [[n + Adn) (F - 8kP ) - Ny (F 1" 6KPm_1)]
n
-3 Ax 5 -
K Eﬁ-(Pm m-l) - H Lx (5.7a)

and, on axis (m = 1)

n+l 1 2 Ax - - - — -
E 7 ;E + Em - ;l;"’—f Eﬂ— [(Fz ‘sz) - (Fl "l(Pl)] - Hl Ax z (5.7b)
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The nozzle wall boundary is treated using the MOC option in RAMP for
the gas phase, The particle phase upper boundary does not necessarily
follow the nozzle wall boundary, and, hence, must he tracked for each
particle specie by integrating the following equations of motion:

X = Abhu

¥ (or y) = AAv (5.8)

These equations are integrated with two steps along with Eqs. (5.6) and (5.7) to
find the limiting streamline for each particle specie:

Predictor Step

= n n n Ax2 Ve
R=R"+ A" Av + = Ax (5.9a)
P P u m n 2 o®
2(“m) m
Corrector Step
2 v
o+l L J-n ., = - = .- Ax n
R L + R +A Av + Ax
P 2 P P n m 2‘“m)2 o (5.9b)

The flowfield properties are obtained by decoding the computed flux
variables E obtained by integrating Eqs. (5.6) and (5.7). The decode procedure
for the gas phase depends on the type of chemistry involved. For both ideal
and real gas decodes the radial (vertical) velocity v and totul enthalpy H
are obtained by

vn+1 - 33/31

o+l
| - E,/E;
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In the ideal gas decode, *he axial velocity u is obtained from:

2 2
- E E 2 E /E
o+l 2 2 -1 [ 4 3 ]
u R = + =) = — 2 —- |=] - 2A (5.10)
Y+ E, <E1) 2 E| \E1>
where
n_ Y ,n,n
A=h -————Y_l P /p

The real gas decode procedure makes use of real gas chemistry tables in
RAMP, These tables, by a look-up procedure, recover temperature, pressure,
density, Mach number, gas constant and ratio of specific heats from an input
of total emthalpy, entropy and velocity. The shock capture option real gas

decode uses Newton iteration to solve the fullowing equation:

9
E E K= 2
2 2 1 2 2
V_V—I'[(EI)"' (.ET> -4RT] = 0 (5.11)

where the gas constant, R, and temperature, T, are obtained from the real
gas tables from known values of entropy, S, total velo.ity, V, and total
enthaipy, H., Following convergence of the iteration on velocity, V, the

axial veloc.ty, u, i8 obtained from:

2
ot 1J v - (vt (5.12)

For both ideal and real gas decodes, the density, p, and pressure, p,

are then obtained from:

n+l n+l

o™ =B /u (5.13)
+1 +1
pT . =E, - E u" (5.18)
5-5
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The particle phase decode is:

(uj)n+1 - &)/e] (5.15)
oh - (E{)zllz-z1 (5.16)
R el/e] (5.17)
(hj)n+1 = 82/3{ (5.18)

The Shock Capture option was checked out by comparison with the
existing streamline/normal method-of-characteristics option., Three test
cases were considered: (1) SSME nozzle flow, single phase, ideal gas, (2)
SSME nozzle flow, single phase, equilibrium chemistry, and (3) two-phase
ideal gas with solid particles. Computed Mach aumber and pressure distribu-
tions are shown in Figs. 5-1 through 5-3 for case 1 (SSME nozzle, ideal
gas). Axial distributions are shown in Figs. 5-1 and 5-2, and exit radial
distributions are shown in Fig. 5-3. Generally good agreement is shown
between the Shock Capture and Streamline/Normal options. Similar results
are shown in Figs. 5-4 through 5-6 for case 2 (SSME nozzle, equilibrium
chemistry). Cowmputed Mach number and pressure distributions along the exit
-adius are showa in Fig. 5-7 for case 3 (Space Shuttle SRM, two-phase, ideal
gas). Solid particle densities, velocities and temperature exit radial
distributions are shown in Figs. 5-8 through 5-10. In all cases, good

agreement is shown between the Shock Capture and Streamline/Normal optious.

On the basis of the demonstrated good agreement with the Streamline/
Normal option, we conclude that the Shock Capture option is operational and

error free.
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Fig. 5-2 Pressure Distribution Along SSME Nozzle Axis
Ideal Gas Solution
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Fig. 5-5 Pressure Distribution Along SSME Nozzle Axis,
Equilibrium Chemistry Solution
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6. EXPANSION CORNER — PRANDTL-MEYER FAN

In some cases the flow may be required to negotiate a sharp expansion
turn. The problem becomes two dimensional at a sharp corner (it is impos-
sible to conceive of an expansion corner on an axis of symmetry) and may be

treated with a Prandtl-Meyer expansion,

7
Mach Wave idu =dq

Fig. 6~1 - Nomenclature for Mach Wave Analysis

Since a Mach w#ve will support pressure changes only in a direction normal

to itself (Ref. 41\:

dv = qdé6
du = dq
du 1
—~=- = tan =
dy ¢ 2
M -1
6-1
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or

ae = YM% -1 %‘1 (6.1)

The solution to Eq. (6.1) is a straightforward numerical integration for
the case of a known final velocity (free-boundary case). If the turning angle
is known, however, and the final velocity is not known, an iterative solution is

necessary tc d-:termine the upper limit,

d
/ -a‘l - 40 = f(q,) = 0 (6.2)

In the mesh construction to be discussed later a fan of rays must be gen-
erated to allow a numerical description through a large turning angle. The turn-
ing angle is subdivided into a number of small turns, each of which is integrated
numerically. Corresponding to each of these small turns is 2 Mach wave or

characteristic line emanating from the corner.

6-2
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7. NUMERICAL SOLUTION (MESH PCINT CONSTRUCTION)

The calculations described previously are point or small region solu-
tions. This section presents thc mesh construction and calculation procedure
required to descriLe the entire flow field in a typical gas-particle flow problem.
The general principles adopted in the numeri-al solution are similar to those
used in the method-of-characteristics solution:. The major difference is in
the technique of mesh construction; here, the calculation proceeds along

norinals to the streamlines instead of along characteristic lines.

To begin the problem of describ.ng the entire flow field .1l necessary
boundary conditions must, of course, be supplied. In addition, a start line

whosc properties are complete'v defined must be designated.

Figure 7-1 ijlustrates a flow ield in which there are no discontinuities
and in which the mesi conatruction iz verminated when the regior of interest

has been computed.

Figure 7-2a pres=n‘s the mesh cons:ruction required to solve for the
properties of any interior point in Fig. 7-1. The J ._ne is considered tc be
the known normal line. The J-line may ve¢ the input startline or the line just
calculated. The K-line is the new norma. line to be calcul:ted. Calculation
always starts from the lowest point and moves upward along the K-line. The
first point on the new norrnal is located by extending the rigit-running char-
acteristic from a properly selected point (based on lesired mesh sgiz2) on
the preceding known normal to intersect the lower boundary based on the
flow properties of that point. The rest of the points including the .ast point
(boundary priut) of the normal are located by extending the normal to the

local streamlince to intersect the n2xt streamline (A boundary is also a

-1
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-

Input o-e-

Nozzle Wall

Gas Streamline

Particle Limiting
/— Streamline

Startline '.' 1 v.-.-o- . .
o Sy .-0-0-.-. L Grid Point
o D , S Q g
P fa Mo
Lo L 1 L L 1 |
7 7 7
Lower Wall

Fig.7-1 - Basic Mesh Construction for the Streamline-Normal
Two-Phase Numerical Solution
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Normals
6 <?
1 J(<\
\\ _— Right-Running
~. Characteristic
~. Line

Particle
Streamline 5 O~

-
~
//
Gas —< //
Streamlines K_
- -~
-~ Left-Running
> :# -~ Characteristic
Line
4 .\_ 7J1>
J-line K-line

Fig.7- 2a - Mesh Construction for an Interior Point
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streamline.) Once the location of the new point is known (point 3 in Fig.7- 2a),
the characteristic line(s) and particle streamline(s) can be made to intersect
the preceding known normal (points 1, 2 and 8 in Fig.7-2a). The properties
of pcints 1, 2 and 8 on the known normal can be interpolated from the known
points. The properties at point 3 can then be calculated by solving the applic-
able compatibility equations. For an interior point, both the right-running
and left-running characteristics are used to compute the velccity and the flow
angle at the new point (point 3 in Fig. 7-2a). For a boundary point, either
the flow angle or the velocity can be found with the boundary condition; there-
fore, only one physical characteristic is needed depending on the relative
location of the boundary with the main flow. For shock points and Prandtl-
Meyer expansion calculations, the mesh constrt;ction is appropriately modified
to accommodate each individunl case. The general method of computation,

however, remains the same as described above.

The mesh construction and calculation procedure for an interior point
solution forms the basis for the solution of the flow properties at all other
types of points in the flow field. For that reason, the mesh construction
and calculation procedure for an interior point will be first described in
detail, then, to further aid in the understanding of the numerical solution,
presented in flow chart form. Using the knowledge gained in the discussion
of the interior point solution, the calculation procedure for each of the re-
maining cases will be described. Any important problems that may arise,
or other points of interest involved in the calculational procedure will be

discussed.

7.1 INTERIOR POINT

This section presents the details of the numerical solution for the gas
and particle flow properties at an interior point of the flow field being analyzed.
The solution is outlined in a step-by-step procedure and is for the case when
particles are present at all points which enter into the calculation of the flow

properties at the new point.

7-4
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Consider again Fig. 7-2a and assume that the flow properties are known
along the J-line. The J-line can be the input start line or the line just calcu-
lated. The point 7K will also be a known data point since it is the last point

calculated on the K-line,

Before the calculation procedure can be started a decision must be
made to use either the enthalpy-entropy-velocity form or the pressure-
density-velocity form of the compatibility equations to solve for the preper-
ties at the new point. This decision is based on the type of ~hemistry being
considered in the flow field. If finite rate chemistry is being considered,
the pressure-density-velocity form of the compatibility equations is the more
convenient form to be used. If equilibrium or frozen chemistry is being con-
sidered, the enthalpy-entropy-velocity form of the compatibility equations is
the more convenient form to be used. In either case, the method of calcula-
tion is the same. For purposes of discussion, it will be assumed that the
chemistry of the flow field being analyzed may be considered to be in chem-

ical equilibrium.

Step 1: For the first pass of the solution, the properties at 3K are set
equal to those of the base point 5J.

Step 2: The physical location (x3. y3) of the point 3K is found by inter-
secting the normal from the point 7K with the projection of the streamline

from the point 5J.

Step 3: The intersection of the characteristic lines with the J-line is

now found. These lines will in general fall between two known data points
and an interpolation scheme is employed to find the flow properties at these

points. The interpolation is of the following form:

P =P

12 + F(P

P

5,4 6,5~ Fs, 4
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where

F = interpolation factor.
For the gas flow properties P assumes the following

P =q,0,5,H
with

T =1£(q,S,H)

p =£(q,S,H)

[ 4 = f(Tv H)

CP = {(T, H) tabulated
Pr = {(T,H)

while for the particle properties P assumes

P = uj, vj,hj,pj

with
j - )
'I’l’2 = f(h )1,2 tabulated
: |adl|
€1,2 ©
H Vl'z
£, = f(ReJ)l’z tabulated
i j
Gl’z - f(Rel,Z, Prl’z) Ref- 12
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J -9 v
M3 |—= (3.46)
m‘,(rJ)/l’a
)
G ,C
j 1,2 pl,z
cl , = . 5.83)
" £ Pr
1,2 71,2

and,

Bl = b g, a3, - a9 L+ 280 ) -1, )
1 ¢ 1,2 7,2 .2 1,27 3%1,2 1,27 1,2
1,2 p

L2,
R) 2
30 ) ) . ’
1,2 ; i 4 4
SIS [GI:Z(TI,Z) “%3,2 1,2 (3.86¢)
1,2771,271,2

Note that the points 1,2 and 8 are not necessarily as shown in Fig. 7-2a.
Their locations can vary along the J-line depending on the mesh size and the
Mach number in the vicinity of point 3. Figure 7-2b presents one example
when the point m +2 is an upper boundary point and the point 1' is outside the
flow field under consideration. Instead of the powai 1' the point 1 is used in
the calculation. However, the properties at point 1 are not available nor can
they be interpolated because point n+2 is not yet known. For ti.  particular
case, the flow properties at point 1 are assumed to be identical to those of
point m + 2 so thLat the properties at point 3 can be approximated. The same
method is used to calculate point n+1. The boundary point n + 2 of the K-
line can then be calculated without problem. Once the bour.dary point is deter-

mined the calculation goes back to point 1 and the right running characteristic

-7
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¢ /— Upper Boundary
m+2 (? n+2

1
X
AN I ! Right-Running
\4/:;: Characteristic Line

5 3
m-1 *L L n-1
J n Left-Running

m-2 . Characteristic Line

= / n-2

2
Gas Streamlines
J K

Normals

Fig.7-2b - Mesh Construction for an Interior Point

intersection is made using the two boun.>  points. Point 1 is then solved

for and the solution proceeds to the plume boundary.
Step 4: The particle density at puint 3K is calculated using the relation-
ship:

1
ol oy}’ -vd v -od o} i o - v b vl o) - )

p} =

!

-

o oot oot ot -]

o ool bt ot s o] | s
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Step 5: The particle streamline intersections with the J data line are

now located (point 8 of Fig.?-2a) uring the particle streamline relationship:

hovy
; T (4.42)
X3 = Xg U3

Step 6: The gas and particle prope -ties at point 8J are now found by

employing an interpolation scheme as described in Step 3.

Step 7: The coefficients for the particle compatibility relations are
now calculated from Eq. (4-150a).

b - \U8,3 78,3/,)
C2g, 3+ . Ag.3
8,3
. Vg o -V
) (8,3 8,3) )
C3g,3° 3 48,3
V8,3
30 .
2 ] J j 8,3 J i o4, 4
-13 48,3 %8,3(Tg3-Tg 3+ 55 [68,3(T8,3) ~%3,3Tg 3
. m T
i 8,3 '8,3
cal .= :
8,3 j
v8,3

Step 8: The new particle properties at point 3K are then found by ex-
panding the difference Eqs.(4.148), (4.149) and (4.150) to obtain

io_ J )
uj = u8+c28’3Ax§3_3
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L.
]

; .
3 T "% + T3y 3 8xp 4

) &2l j
3} = hy+C4j 3 Axy 4

Z.
]

with the remaining properties defined as

'rj3 = f(h)j3 tabulated
j )
2ol = 2r3P, lAqsl
el =
3 Vs
f53 = f(Re';) tabulated
) _ A}
GJ3 = f(Re3, Pr3) Ref. 12
. fjv
i _ 9 373
SR A (3.46)
m3 (r3)
G c
j R
c} = — (3.83)
fJ Pr
3 Pry

and,

A 1 5. .AG. -5 d.pg.) z j (i
Pl T T 7R, T %% a3y’ + 3 cyrl-y)
3
A T [63 (1h)* -a) Tgl (3.86¢)
A'}_,’m%r
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Step 9: The coefficients for the gas streamline compatibility relations

are now calculated

N
cp5 3 P —_ - - .’.\L5_3
C,=l——— -1 pJ A.} BJ
2 \ 3 538531, |5 7 =
5,3 5=1 >l P53 %5393
and
Lox ‘ .
- =3 5 = =i 5 T Ny
C3 = = Z P53 85,3 l(“5,3 U5, 3) €085 3 + (V5 3-15 3) sme5,3]“‘5-3 :
PoPs3

Step 10: The rate of change of entropy in the direction of the gas stream-

line and the entropy at the point 3K are calculated in the following manner:

AS C (4.143)

1]

5-3

and the entropy at point 3K is

Step 11: The rate of change of enthalpy in the direction of the gas stream-

line and the enthalpy at the point 3K are calculated in the following manner:

AHg 5=T; 3 08; 5 - c3p (4.142)
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and the enthalpy at point 3K is

+T AS

Step 12: The remaining gas properties to be calculated at point 3K are
the velocity and flow angle. Expanding equation (4.146) in terms of both the

right and left-running characteristics and solving for the velocity gives

3 = Q,+q,

2 2

The new flow angle is then

. ; i e )
Step 13: The properties T3, p3, V3 Cp3, Pr3, A3, C3 and B3 are recal-

culated to reflect the new gas properties. The solution is then checked to
determine if the desired accuracy has been obtained. If the solution has not
converged, return to step 2 and repeat the process. The flow of the numerical

solution is summarized in Chart 7-1.
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Chart 7-1 - Flow Chart of the Calculation Procedure for an Interior Point Solution
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7.2 LOWER WALL POINT

Figure 7-3 presents the mesh construction required to solve for gas and
particle properties at any lower wall point in Figure .-1,

/ Normal

Right-Running

/Characte ristic Line
~

3K
Gas Streamline
Along Lower Wall

Particle
Streamlines

Fig. 7-3 - Mesh Construction for a Lower Wall Point

The calculational procedure followed to determine the flow properties
at a lower all point is very similar to that of an interior point solution. The
lower wall point is always the first point calculated on a K-line, Before the
point 3K can be located, point 1J must first be selected as a function of the
desired mesh size, Once point 1J is located and its properties determined
using the interpo!ation scheme employed for an interior point; the physical
location (x3, y3) of point 3K is found by intersecting the right-running charac-
teristic from point 1J and the projection of the streamline from the point 5J.,
The particle density at point 3K is then calculated using the relationship

(4.163)

and is based on the assumptions that: (1) the lower boundary runs parallel to
the X-axis; and (2) the particle streamlines run parallel to the lower boundary

when in the vicinity of the lower boundary,
7-14
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Finally, since the flow angle along the lower wall is known, only the riht
running characteristic line is needed to calculate the velocity at the lower wall

point, Solving for velocity in Eq. (4.146) gives

i [6,-65+Qq, - B, +CI (H;-H ) + G, -Cl )]
93 = Q

1

Once the velncity is found, the calculational procedure is continued as

in the case of an interior point,

7.3 UPPER WALL POINT

Figure 7-4 presents the mesh construction required to solve for the gas

and particle properties at any upper wall point in Fig. 7-1.

Upper Wall

Part.cle 7

Streamlines 8

Gas Streamlines
Along Upper 2
Wall

\_ Left-Running

Characteristic Line

4 T‘ A7
J K
Normals

Fig.7-4 - Mesh Construction for an Upper Wall Point

The calculational procedure followed to determine the flow properties at

an upper wall point is almost identical to that of an interior point solution, The
exception is that the flow angle on the upper wall is known and,ii.erefore, only

the left-running characteristic line is needed to calculate the velocity at the

upper boundary pouini. Solving for velocity i~ Eq. (4.146) gives:

7-15

LOCKHEED - HUNTSVILLE RESEARCH & ENGINEERING CENTER



LMSC-HREC TR D867400-1

3° Q.

[

7.4 FREE BOUNDARY POINT

Figure 6-5 presents the mesh construction required to solve for the gas
and particle properties at a free boundary point. Note that the mesh cons..uc-

tion is the same as that for an upper wall point.

5 3 /— Free Boundary
\— Left-Running

Characteristic Line

7

K
Normals

Fig. 7-5 - Mesh Construction for a Free Boundary Point

The calculational procedure followed to determine the flow properties at
a free bou.dary point is like that of an upper wall point solution. The one dif-
ference is chat the velocity and not the flow angle at the free boundary point is
known. Applying Eq. (4.146) to the left-running characteristic and solving for
the flow angle at the free bourdary point gives

93 = 92+Qz(q3-qz) + BZ - CIZ(H3-H2) - GZ + Cl2 .
The velocity at the free bouundary, though assumed to be known, is not

easily obtained. The velocity at the free boundary must be solved for itera-
tively using the relation

o

_x=l 1/2
A CEE ,”
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An interaiive solution is required because the gas properties R, T and P
are functions of a variable y. If an ideal gas was being considered, y would be

constant and vy may be solved for directly,

7.5 PARTICLE LIMITING STREAMLINE POINT

Figure 7-6 presents the mesh construction required to solve for the gas

and particle properties at any particle limiting streamline point in Figure 7-1.

6
¢ Right-Running
I Characteristic Line

Particle Streamlines

Particle Linuting
Streamline for

Species J

N
//
—~ \‘\— Left-Running
2 ¥

! Characteristic Line

Gas Streamlines ——T((L
J

Normals

Fig. 7-6 - Mesh Construction for a Particle .imiting Streamline Point

The calculational procedure followed to determine the flow properties at
a particle limiting streamline point is somewhat dif.erent from th-t ot an inter-
ior point solution. The differences in the calculational procedure are brought
about by the fact that the J and K normals are constructed between a gas stream-
line and a particle limiting streamline rather than between twn gas siream-

lines.

The physical location (x,, y;) of point 3K is found by intersecting the
normal from the point 7K with the projection of the particle limiting stream-

line of species J from the point 5J. Once point 3K is located, the gas streamline
7-17
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intersection with the J data line must be located (point 9 of Figure 7-6) using
the gas streamline relationship

Y2 - ¥ v
3.9 .3 | (4.41)

x3 - X9 113

The properties at this point are found by interpolation between the known points
4J and 57.

The particle density at point 3K for all particle species except particle
species J is determined in the same manner as for an interior point, The par-
ticle density of species J is calculated using the relationship

1 . 5 5 5. &
Py = 3 R G Ps [“5 (yg¥g = ¥2¥p) - Vg (yg +y))

(4.169)

(xg -xz)] +p, ‘uz (55y5 - ¥3¥3) - v, [(y‘_,’, +y9) g - xp) - (r§ v ey - x,_)]

and is based on the fact that the entire mass of particle species J.is contained
in the streamtube formed by the particle limiting streamline for species J.

Cnce the particle densities have been found, the calculation procedure is

continued as in the case of an interior point,
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7.6 PARTICLE LIMITING STREAMLINE-BOUNDARY INTERSECTION

Figure 7-7 pre-ents the mesh construction required to solve for the gas

and particle properties at the particle limiting streamline-boundary intersection.

Free Boundary

ntl
mtl
m x .
Particle Limiting Streamline
m-1 n-1
Gas Streamlines
m-2 n-2
Normals

Fig.7-7 - Mesh Construction for a Particle Limiting
Streamline-Boundary Intersection

Assume that the particle limiting streamrline point (n, K) has just been
completed and the next point to be calculated is that of a free boundary point
(n+ 1, K). Under these circumstances, the free boundary point is calculated
in the normal manner, and then upon completion of the free boundary point a

comparison is made of the physical location of the two points, If Yn+1 < Y

an intersection of the particle lirniting streamline and free boundary is indi-
cated. The physical location of {(n+2, K) is four - intersecting the projec-

tion of the streamline from the point (m+ 1, J) amc .hc particle limiting stream-
line between the points (m, J) and (n, K). The gas and particle properties at the
point (n+2, K) are then found by interpolation between the points (m, J) and (n, K).

Once the propertics at the point (n+ 2, K) are found, the po.nt (n+ 1, K) is
assumed to no lo-.;cr exist, The point (n+2, K) is used as the base point the

next time an upper boundary point is calculated,

The description of the entire flow field now proceeds onto the calculation

of the lower boundary point of the new K-line,
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7.7 EXPANSION CORNER - PRANDTL-MEYER FAN

Expansion corners are found when the slope of the solid boundary has a
discontinuity in such a way that the flow must negotiate a sharp turn away from
the oncoming flow or when the flow issuing into an open space is under-expan-
ded in a nozzle or a flow channel, The expansion takes place either in a chan-
nel or at the channel exit. The amount of turn the flow must make and the fi-
nal flow velocity can be found with the aid of the Prandtl-Meyer expansion re-
lation, Eq.(6.1),and the boundary conditions.

After the total turning angle is found, it is subdivided into a number of
small turning angles. The flow properties at the expansion corner correspon-
ding to each of the small turns are calculated and the angle's corresponding
characteristic iines emanating from the corner are constructed. The final
line of the expansion is a streamline rather than a characteristic line and,
normally, the Mach angle corresponding to this streamline is substantially
greater than the small turning angle. An extra point is inserted to fill the
gap after the expansion corner computation has been completed. Note that
this final expansion line, a streamline, can be a solid boundary or a free
boundary.

In the example shown in Figure 7- 8, the turning angle is subdivided into
four small turns. The corresponding characteristic lines emanating from the
corner are designated as A, B, C an:t D in Figure 7- 8. The final expansion
line E is a streamline corresponding to the last corner point (d, J). The pro-
perties at the corner corresponding to every small turn are stored in (2, J),

(b, J), (c, J) and (d, J) arrays. The properties at the corner before the ex-
pansion takes place can be found as usual and are stored in (m, J) array; its

characteristic line is designated as M in Figure 7-8.
A weak shock is initialized at point (nt4, K) for the upper corner expan-
sion point or (n-4,K) for the lower corner expansion, which is done simply by

defining a double point at those points with identical flow properties. The initial

shock angle is assumed equal to the Mach angle.
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Fig. 7- 8a- Mesh Construction for an Upper Expansion Corner
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7.7.1 Upper Corner Expansion

As shown in Figure 7- 8(a), the point (n-1, K) is considered to be com-
plete. A left-running characteristic is drawn from the point (n-1, K) to intersect
the right-running characteristic from point (m, J) at M, which is an interior
point. The properties can be calculated in the usual manner. A normal is drawn
from point (n-1, K) to intersect the right-runring characteristic from point (m, J)
at n. The properties at this point are then interpolated between points (m, J) and
M. Similarly, the properties at points (nt+l, K) through (.1+4, K) can be calcu-
lated, Point (nt5, K) is calculated by the same technique provided that the point
E is treated as an upper boundary point. If the distance between points (nt4, K)
and (nt5, K) is greater than other meshes in the expansion fan, one extra point
(nt6, K) is inserted and its properties are found by interpolation between points
(nt4, K) and (nt5, K).

7.7.2 Lower Corner Expansion

This case is shown in Figure 7- 8 (b). When an expansion at the lower
boundary is detected, the normal line starting from the corner point (m, J) is
completed first. The flow properties at the corner and the corresponding
characteristic line for each small turn can be found by the same method de-
scribed in the preceding paragraph. Point (n, K) is the intersection of the
right-running characteristic from point (m+t+1, J) and the left-running charac-
teristic from point (m, J); its properties can be calculated without problem,
The flow properties at point A can also be calculated. A normal from point
(n, K) and the left- running characteristic from point (a, J) intersects at (n-1, K);
flow properties at this point are then interpolated between points (a, J) and A,
Points {n-2, K) through (n-4, K) can be calculated by the same method. Point
(n-5, K) is a lower boundary point which can be calculated with the technique
used to find the point {n+5, K) in Figure 7- 8(a). An extra point may also be
inserted between points (n-4, K) and (n-5, K) if needed.
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8. NUMERICAYL INTEGRATION OF THE CONSERVATION EQUATIONS

Examination of the mass flow rate, momentum flux and energy flux
through a nozzle and exhaust plume will yield considerable information about
the nozzle performance and the status of the flowfield numerical solution.
The momentum flux is used to determine the thrust produced by the nozzle
while the thrusi ratioed to the mass flow rate is a measure of the nozzle
performance. Deviations of the fluxes in the conservative parameters from
surface to surface (Fig.8-1) are indicators of the validity of a numerical

solution such as the one used in the gas-particle code.

-

el

Exit Plane

Nozzle Wall ZPlume Boundary

Data Points
X

Data Points

Initial Data l’lth Data
Surface Surface

Fig.8-1 - Schematic of Conservation Parameters in a Nozzle Plume
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8.1 CONTINUITY

The mass flow rate through a surface is calculated by numerically inte-
grating the incremental mass flow through adjacem streamtubes. A streamtube
is defined as the flow area bounded by adjacent data points (Fig. 8~2a) and the

incremental flow rate is calculated as follows.

r
Data Point, b q
0 sin ©
—t 3
cos ©
l )
L Fig.8-2b - Schematic of Velocity
ar 19 x Unit Vector
|
|
|
L — - Data Point, a
dx
r
Fig.8-2a - Schematic of Surfacz
Geometry 2
sin ¢
\99
- X

cos

Fig.8-2c - Schematic of Surtace
Normal Unit Vector

Fig. 8-2 - Schematic of Elemental Geometry on a Data Surface

Let points a and b be any two points on a data surface within the flow ficld.
The incrementz] flow area for axisymmetric or two-dimensional flow is given
by
é
dA = (2xr) 4L . (8.1)
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In terms of the coordinate directions, the incremental area is
1/2
0a = (2rn)® {iar)? + (@x)?} (8.2)
The flow area in the direction normal to the surface, dL, is now

- 1/2 A
dA = @rn)d{an?+@ll’ e (8.3)

n
A
where the unit normal vector,en, is defined by the geometry of Fig.8-2c as
A A
en = costp’i\ + sing j ; (8.4)

and the angular location of the unit normal vector relative to the x-axis is

@ = - tan -—

dr

-1 “") (8.5)

The quantity of mass flowing through the incremental area is found from
the relation

. - A A
dm = plq]dAeq-en; (8.6)

A
where the unit velocity vector, eq is defined by tae geometry of Fig. 8-2b.

The relation for rh is now
. - o A A LA
m = plqldA {cosB i + sin@ j}+ (cos¢i + singj}.
Performing the indicated dot product the relation reduces to
m = p|q|dA {cosd cosy+ sind sing} .
The trigometric identity for sine-cosine function is

cosB cos + sind singY = cos(0-¢) .
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Substituting, the incremental mass flow is
N -
dm = p|q|dA coe(8-¢) - (8.7)
The total mass flow through the surface is simply
m = E dm (8.8)
for all the incremental flow areas.

So far the discussion has been directed toward a general expression
for the mass flow rate. For gas-particle flows the surface geometry is the
same. The only change is in the definition of the flow variables. The ex-

pression for the respective phases are as follows:

Gas Phase
. Y
m = pIquA cos( -¢) 3 (8.92)
Particle (i particle)
rhj = pj la‘]'dA cos(Bj - ; (8.9b)
Mixture
NP
Mg = m+ ) i) (8.9¢)
=1

8.2 MOMENTUM

As with the mass flow relations, a general expression for the momentum
flux will be developed. This expression will then be extended to include the

treatment of gas-particle flows.
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The general expression for the momentum flux is

M, = [PT+pqq . ad (8-10)
M T PetPaq '
where 6 is the Kronecker delta and dA is given by Eq. (8.3). Substituting for

dA and performing the indicated algebraic operations, Eq. (7.10) becomes

My, = |Pa+ p'&E.K;dA (8.11)

where dA is now defined by Eq. (8.2). Equation (8.11) yields an expression
for each coordinate direction in the equation in terms of the scalar compo-

nents given by the expressions

MM = ’P(cosqﬁ + sin(pg) +p(u? + v%) (u‘x\ + vfi\ . (cos<p°1 + sincp?)}. dA ;

- A AA A A
MM = %P(cos(p’i\ + sin(ﬂfi\) + p(uzf_]r + uvif-l- uviji +v23{\) o (cos¢i + simpj)" dA;
= A LA 2 A A - 2 . A
MM = {P(costp: + singj) + p(u” cos@i + uv cosyj + uvsinYi + v sm(,nj)} dA .

~ The scalar equations in the coordinate directions are then

g
]

M :P cos@+p (u2 cos@ + uv sin(p); dA ,

and

P sing + p(uv cos¢ + vz sin(p); dA;

<
1}

Substituting for the velocity components

My

= {P cos@ + pq2 (cos® cos® cos® + cosb sind sinw); dA
x

and
M = lP‘ siny +pq2 (cos® sin® cosy + sind 8ind s'm(p); dA .

M,
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Factoring common terms and substituting the trigometric ider..ity as before

the final result for the increincntal momentum-flux is

and

The only difference between tn2 expression for the gas and particle

g

M ‘P cosy + .')qz cos(0 -¢) cosf( dA ,

3

{P sing + pqz cos({0 - ) sinez dA

(8.12a)

(8.12b)

contributions to the momentum flux is thet the particles do not contribute to

the pressure of the mixture.

flux through the surface are:

Gas

M :P cos¢ -+ pq2 cos(0 -¢) cosB( A

g
n

;P sing + pq2 cos(0 - ) sinel‘ A

Particles (jth Particle)

Mixture

) .
M%/I = pj (qz) cos(8 -¢) cos(eJ) ‘e
x

Ml, = p} @) cos(s-0) sin(e)) A
r
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8.3 ENERGY

The general relation is
1 2 . .
E=((h+3q9)m (8.15}%

Applied to gas and particulate phases the respective relations for a given

surface are:

Gas
l z * ’
E = (h+5q9)m (8.163)
. th .
Particles (j Particle)
i .
E - (hj+-;-(qz))n'n‘ (8.16b)
Mixture
- NP
= J
E_ =E+ Zl E (8.16¢)
J‘:

8.4 NOZZLE PERFORMANCE

Performance parameters considered are the thrust produced and the
associated specific impulse, Isp' The force vector is calculated a: the
mixture momentum on the initial data surface (Fig. 8-1) plus the pressure

force on the nozzle wall. Mathematically this is expressed as

b b o

Bpos My, /PW dA (8.17)
The integral term in Eq. (8.17) is obtained i y numerically integrating the

pressure force along the nozzle wall. Consider the elemental surface, uL,

bounded by the nozzle wall points a and b on any two successive data
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\ Data Point, b

Nozzle Wall

. r Note: F, is the Nozzle
Data Point, a |—l Ti‘u'ust
:dFr F,=0 for axisym-

metric Flow

Fig.8-3 - Schematic of Pressure Force Acting on the Nozzle Wall

surfaces. The slop ¢ surface, dL, is given by
-1 dr
¢;, = tan (&) . (8.18)

However, the forc: due to the pressure loading acts normal to the sur =
which is given by the angular relation 90 + ¢¢. The local surface area over

whict the pressure is acting is

1/2
daA = (1) ’(dr)z-l-(dx)?" :

l I

and the unit normal to the surface is

(8.19)

-2 A A
ny = - siagi + cosyj , (8.20)
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so that
dz = dA:
R 1/2 .
dA = (2xr)® {(dr)z«l-(dx)Z} ‘- singi + cos(@)] (°.22)

Equation (8.21) can be generalized to reflect the loading increment to either
an “oper or lower wall in the following manner. Define a parameter A which
has a value of + 1 for an upper or lower wall, respectively. The orientation

of the surface unit normal with respect to the x-axis is
@) =@, tA 90 (8.22)
From the sine and cosine trigometric identities, Eq. (8.22) reduces to

cos@ = - sing

aad

si¢n¢1 cosyp

so that the unit normal vector is now given by
- A A
L = coscpli + sin(plj 3

and the surface area term is now

'1/2

de = (Ztr)5 {(dr)z + (dx)z‘ tcos((pl)'i\ + sin(gpl):z:!' .

The resultant force relation for the nozzle is then

. NS 1/2 A
¥, o= ﬁml + Z[P 2rr)® {(dr)z + (dx)z} lcoso))i + sinqoljn (8.23)

i=}1

and the nozzle thrust is just Fx' The specific impulse, Is , is then

p
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Isp = l-‘x/mml . (8.24)
8.5 FERCENT CHANGES IN THE CONSEP™ * (ION QUANTITIES

One check on the validity of the numerical solution is to monitor the
change in the conservation quantities mass flow, momentum and energy. If
these quantitie 4o nct change relative to the initial surface values, then the
mass, momentum and energy have been conserved; this is a good indication
that the numeri -al solution is ,-oceeding satisfactorily. However, since a
numerical solutic1 is employed some changes in the conservation quantities
is to be expected. The objective then is to keep the error as small as possible.
When large errors occur, the input data, wall equations, mesh construction,
etc., should be checked.

The changes in the conservation quantities are found by comparing "e
integrated value at a given data surface relative to the initial data surface.
These are as follows:

Mass Flow Rate (Mixture):

_ (th- rbl) . 100

%Am (8.25)
my
Momentum (Mixture)
(|My| - [M; )] - 100
%alM| = 7 (8.26)
Energy (Mixture)
(Ey, - E) * 100
MAE = — EI (8.27)
I

The individual changes for the respective phases are computed in a similar
fashion as specified by Eqs. (8.25) through (8.27). One important item to

remember is that when gas particle flcws are being considered the
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solution is couple ' in the sense that momentum and energy is exchanged
between the phases. This means that relatively large changes in the momentum
and energy quantities for each phase can occur. What should be of concern
for gas-particle flows is the change in Ll.e mixture conservation quantities
(momentum and energy). The respective mass flows should be conserved
since the assumption has been made that the phases do not exchange mass

via chemical reactions, condensation, etc.

Finally, the specific impulse for a nozzle can be calculated in one of
several ways. One way has already been outlined where the thrust is computed
as the sum of the initial surface momentum and the pressure force acting on
the nozzle wall. The s;.ecific impulse is then calculated by dividing the thrust
by the mass flow rate through the initial surface. Using the initial surface
mass flow rate is a matter of choice and can be argued from either a pro or
con view. However, use of the initial surface mass flow rate eliminates the
use of one variable which would be numerically calculated. Computation of

the specific impulse by the second procedure is as follows.

The thrust generated by the nozzle is first obtained by calculating the

momentum in the r >zzle axial direction (MM , Eq.(8.14a)). Tke specific

m
X

impulse is then calculated by dividing by the mixture mass flow rate. This
gives a means to compare the Isp calculation previously discussed. The
change in1__ is
sp . *
(MMm /mm Isp) 100
BAI_ = x (8.28)
sp Isp

where the term Isp is obtained from Eq. (8.24).
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9. CONCLUSIONS AND RECOMMENDATIONS

A computer code has been developed which can be used to model the
doainant phenomena which affect the prediction of 1liquid and solid rocket
nozzle and orbital (as well as low altitude) plume flow fields. With a
single computer rum it is possible for the designer to predict a high
altitude plume starting from the combustion chamber. This code is intended
to be a user-oriented design tool that will allow rocket nozzle/plume
calculations that can range from the simplest preliminary design
calculations to final design predictionmns.

The emphasis in developing this tool was to require very little user
interface and data manipulation which has previously been required to
adequately treat such influences as nozzle boundary layer, two-phase and
variable O/F transonic startlines, boundary layer effects on particulates
entering the boundary layer, and the transition from continuum to free
molecular flow. Developuent of the program to this stage also allows the
RAM2F code to generate an exit plane startline for both single and two phase
motors which will interface with the JANNAF Standardized Plume Flowfield
(SPF) Code.

The program is being used to generate nozzle and plume data for
numerous applications such as:

Gas/Gas~Particle Impingement (Heat-Transfer-Loads)
Rocket Nozzle Performance (Thrust, Isp)

IR Signatures (Radiating Species)

RF Attenuation (Electron Densities)

Plume Radiation (Radiative Heat Transfer Gas/Particles)
Vehicle Base Pressure

Base Heating (Convection-Recirculation), and

Flowfield Properties for Contamination Predictionms.

o 06 0 06 © © o0 o
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This three-volume report describes the program and is intended to
provide the user the necessary information to use the code., It is
anticipated that there may be some areas of the operation of the code that
are not discussed in sufficient depth., Through feedback from the user the
documentation will be periodically updated to reflect the experience of the
various users. Additionally, coding errors which are uncovered will also be
periodically provided to users.

The code has been checked out and compared with a wide range of data.
Validation of the program in the low density area of the plume has been
verified with limited amounte of data. High altitude (vacuum) plume data
are still required to further verify the applicability and range of use of
the RAMP2F code. As these data become available the code will be further
verified or modified to improve its applicability.
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Appendix A
SYMBOLS AND NOTATION

Symbol Description
CD drag coefficient, dimensionless
f incompressible drag coefficient defined by Eq. (A-2)
Kn Knudsen number, dimensionless
M Mach number, dimensionless
Nu Nusselt number, dimensionless
Pr Prandt]l number, dimensionless
q velocity, ft/sec
r particle radius, ft
R gas constant, ftz/secz/oR
Re Reynolds number, dimensionless
T temmperature, °R
¥ specific heat ratio, dimensionless
M viscosity, lbf-sec/ft2
p density, slug/ft3

Subsc ripts

C indicates the quantity pertains to t. - continuum flow regime
FM indicates the quantity pertains to the free molecular flow regime
I indicates the quantity pertains to incorapressible flow

SuEerscriEt

Jj indicates the quantity pertains to a particle species
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APPENDIX A

Particle drag and heat transfer quantities are calculated in terms
of non-dimensional coefficients. These coefficients are functions of
the local Reynolds number or the Knudsen number depending on the
parameter being calculated. The following discussion summarizes the
calculations employed in the gaseparticle flow analyses. Details of

the theory are given in the cited references.

A.1 PARTICLE DRAG COEFFICIENTS

Particles in solid rocket motor nozzle and exhaust plume flow-
fields encounter a wide range of flow regimes. Consequently any
expression chosen for the drag coefficient must have the ability to
take this into account. In a rocket nozzle and exhaust plume flow field
the particles are continually beiig accelerated by the turbulent flow which
has a temperature differ .:it than the particles. This situation is further
complicated by rarefac.ic: effects because the mean free path in the
gas is comparable to dir.ensious of the particle boundary layer.
Obviously the "standard drag curve' of a sphere as a function of
Reynolds number (Ref, A-1) does not fit this description. This drag

coefficient can only bc applied to

e Single solid sphere
e Constant velocity

e Still, isothermal, incompressible flow of infinite extent

In early two-phase studies the sphere drag coefficient was taken

as the Stokes drag coefficient;

A-1
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This expression, however, is valid only for Re £ 1 if rarefaction

effects are not taken into account.

The Stokes drag coefficient is now used s a reference drag co-

efficient. An incompressible drag parameter defined by the relation
J = J J « i=
£ = Cp’/CDE okes’ =1+ NP (A.2)

was tabulated as a function of Reynolds numiber by Kliegel {Ref. A-2).

This was corrected for rarefaction effects (Ref. A-3) by the relation

¢p = Cp (14 7.5 Kn) (1+2 Kn) + 1.91 K~2 (a.3)
I | (1+7.5Kn) (1+3 Kn)+ (2.29+ 5.16 Kn) Kn®

The Knudsen number, Kn, (a2 measure of flow rarefaction) is related to

the Mach and Reynolds numbers by

Knl = 1.26 /7 M/K, (A.4)
M = | AdINART . (A.5)

A more recent formulation for the drag coefficient is taken from the

work of Crowe (Ref. A-4). The drag coefficient is defined as

A-2
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Cp = (CDFM - CDI’ED"' CDI ;

where

y Kn(Cp - .48)
Cp = 1.1 exp { <nl 2) l- exp -Kn'7e S Re }
{ 1+1.1 (Kn)"3 6.6

A.2 PARTICLE HEAT TRANSFFR COEFFICIENTS

At present there appear. to be no specific experimental heat trans-
ier data for spheres of the particle sizes in the flow regimes encountered
in a rocket nozzle-exhaust plume flow field. A review of semi-empirical
expressions is given by Miller and Marrington (Ref.A-5). Until further
work is done that is directly applicable to particle flows the continuum
expression of Drake (Ref. A-6)

0.55 , 0.333

’

A} = J
Nul . = 2+0.459 (Re)

where
Re) = 2p|Ag| v/ 1

modified for rarefaction effects by Kawanau (Ref. A-6)

Nucont
Nu =

1.0 + 3.42 M/Re’ Pr Nu

cont

appears to be the most applicable to two-phase flows.

.- A-3
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Appendix B
SYMBOLS AND NOTATION

Symbol Description
h local enthalpy, ftz/ sec?
H total enthalpy, ftz/ sec?
P pressure, lbf/ftZ
q velocity, ft/sec
s entropy, ftz/sec?"/oR
T temoerature, °R
Greek
n weight flow ratio of oxidizer to fuel, dimensionless
P density, slug/ ft3
A denotes a change in a variable over a step length

Subsc ripts

o indicates the quantity pertains to the oxidizer

f indicates the quantity pertains to the fuel
Superscript

- denotes a vector quantity

- denotes an average value over a step length

PRECEDING PAGE BLANK NOT FiI*TD
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Appendix B

The bulk of this document is concerned with the discussion of the
analysis of gas-particle flows which have been shown to be non-isentropic
as well as non-isoenergetic in the gas phase. However, one of the
original objectives of the RAMP code development was to provide for a
single phase (gas) calculation as an option. Computationally this
entails simply considering the coefficients reflect:ng particle contri-
butions to the compatibility equation as numerically equal to zero. As
expected, there is no change in entropy and gas total enthalpy along
gas streamlines, that is, the flow is seen to be isentropic and iso-
energetic. However, for many liquid propellant motor applications a
fuel rich mixture of the chamber combustion products is used to
film cool the nozzle walls. This results in fuel striations across the
nozzle where each streamline has a different energy level associated

with it (i.e. non-isoenergetic flow).

This case can be treated with a non-equilibrium chemical analysis
by simply specifying the appropriate initial gas total conditivns on each
streamline. Recall that the pressure-density-velocity form of the
compatibility equation is then used. Gas chemical concentrations are
required for each streamline so that the gas thermodynamics are
computed locally as the solution proceeds downstream in the nozzle-
exhaust plume flowfield. However, if the flow is to be considered in
chemical equilibrium or equi!ibrium/frozen. the applicable compatibility
relations must reflect the non-isoenergetic nature of the striated flow

condition. These relations are developed in the following paragraphs.

To begin, the development of the species continuity equation

(starting with equation 2+6) could be rcplaced by atomic conservation

B-1
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equations. Moreover if the conservation of those atoms associated

with the fuel and the oxidizer were considered then, for steady state,

v *{pa) = 0 (B+1)
and

v ‘Po.a) =0 (B+2)

would result.

If the weight flow ratio of oxidizer to fuel (O/ F ratio) is denoted by n
then Eq. (Bel) and Be2) are satisfied if,

q-vn =0 (Be3)
and
V- (g =0 (Be4)

The assumptions inherent in arriving at Eq. (2¢50) did not involve
isoenergetic flow so that the momentum equation remains valid. The -
energy Eq. (2¢105), however, remains valid only along each streamline
and must be replaced by

h +

-2
3 = Hp) (Be5)

The compatibility equations which apply along each Mach line are unaltered
by the non-isoenergetic analysis since it is constructed based on the
momentum equation and the global continuity equation (neither of which

are altered by the non-isoenergetic flow phenomena).
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The numerical solution to the governing equations is not greatly
affected by the modification to the compatibility equation. In Eq. (3+146)

AP

1 1,2 -
1,2 \/2
while for a lower pressure boundary
sy ,) & — 2 5 oA (Be7
(e3-52) &3 = 9,2 849) 2 7
1,2 \ P12

The finite difference analog to the streamline equation may be
written:
a. interior point
N3 =MNg
b. an upper wall or upper free boundary point
Mg = "l
c. a lower wall or lower pressure boundary point
ng ="
The oblique shock relations of Section 4 are unaffected since the
discussion concerns a single streamline. All rceferences to flow variables
are understood to be a function of the O/F ratio. Since that ratio does

not change across the shock the only alteration necessary is that of
Eq. (4#11) which is altered to read

PZ = P(Sz, qu“l)l pz = D(Szn qztﬁl) (Bos)
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Since the Prandtl-Meyer calculation of Section 5 is also concerned
with a single streamline, hence a constant value of 0, it to is unaffected.

It can readily be seen from the above discussion that the alterations

necessary to incorporate the non-isoenergetic analysis are straight-

forward from an analytic point of view.
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Appendix C
SYMBOLS AND NOTATION

Description
parameter defined by Eq. (2-46), 1/sec

parameter defined by Eq. (2-103)
specific heat at constant pressure, ftz/secz/oR
total enthalpy, ftz/sec2
molecular weight, 1bm/1b mole
number of moles

number of discrete particles
pressure, 1bs/ £t

velocity, ft/sec

gas constant, £t2/sec?/°R
entropy, ftz/ secz/oR
temperature, °rR

velocity components, ft/sec
velocity, ft/sec

flow rate, lbm/sec

posation coordinate, ft

density, slugs/ft3

inclination of the flow vector with respect to the x-axis, deg

PRECEDING PASE BLANX NOT TIf V'TD
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SYMBOLS AND NOTATION (Cont'd)

Subsc rigts

Sugersu-igt
h]

‘denotes chamber conditions

indicates the quantity pertains to the gaseous species

indicates the quantity pertains to the gas-particle
mixture

indicates the quantity pertains to the particle species

indicates the quantity pertains to the particle species
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Appendix C

Oae ot the basic assumptions made in the development of equations
describing the gas-particle flow is that there is no mass transfer between
the phases. Consequently, calculations treating chemical reactions in gas-
particle flows must reflect this assumption. Prozan (Ref.C-1) has shown
for chemical equilibrium that the gas theﬁnochentistry calculations can be
uncoupled from gas-dynamic considerations. Gas thermodynamic properties
(Ref.C-2) for chemical equilibrium or frozen flow are precalculated for nozzle
chamber conditions. Tabulated thermodynamic data are then constructed in
terms of the independent variables by expanding the flow from the chamber

conditions.

Thermochemistry calculations are, however, complicated by condensed
species pro&uced in the combustion process. Since the particles are inert,
they perform no expansion work. Particle acceleration is accomplished by
viscous drag forces exerted by the gas. This, coupled with the gas cooling
resulting from expansion, produces dynamic and thermal lags. The work
required to accelerate the particles combinel with the heat exchanged between
the particle and gas phases is a2 non-isentropic process as shown by the follow-
ing relations:

(C_-R) NP

. i aia o
Tds FEE%S—E jz.l pJAJBl dx = 0; (C-1)

dH - Tds +% g pl AI [(u -l + X (v-vj)] dx=0. (C-2)
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The term BlJ is a function of the velocity and thermal lags and in essence
reflects the loss in work potential. Equation (Csl) indicates that if the
algebraic sign on Blj is positive then the change in the entropy level along
a streamline will be positive. This is the case when the entropy in-
crease resulting from the work required to accelerate the particle is
greater than the heat transferred from the particles to the gas. Conse-
quently there will be a corresponding decrease in gas total enthalpy.

It should be noted that just the reverse is true if the increase in work
potential due to heat transfer is greater than the work required to

accelerate the particles.

The original chemical equilibrium formul-tion (Ref. C-2) assumed
that the gas and particles comprising the flow mixture were in dynamic
and thermal equilibrium. Condensed species resuting from the com-
bustion process were treated in the same fashion as the gas chemical
species in that chemical reactions were permitted. The expansion pro-
cess was then iscntropic since gas-particle equilibrium was assumed.
However, the correct thermochemical properties can be obtained if
certain mr ations to the analysis are made. A step-by-step descrip-

tion of th= 1nodifications is contained in the following paragraphs.

First the adiabatic flame calculation is made for the gas-parti. e
mixture (Step 1, Fig. C-1). The mixture concentrations comprise the
gas chemical species as well as the particulate species. Examination
of the concentrations permits identification of the particulates. Since
the assumption has been made that the gas and particulate phases
do not exchange mass, the chemical reactions between the phases are
suppressed by removing these from the list of possible reactions.
Particle energy and mass are removed from the mixture (Step 2). The
particle loading is then calculated from the relation

Yo M e

il v, (Ce3)
-4 wg &
C-2
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Fig.C-1 - Schematic of Two-Phase Therinochemical Calculations
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Equation (C+3) gives th. total particle mass loading relative to tke gas.
Individual particle loadings are obtained from empirical data for a given
motor class and size. These data along with the-particle enthalpy -
temperature data (Ref. C-3) which defines the energy removed from the
mixture become input data to the RAMP code. Next, the remaining gas
energy and molar concentrations are then readjusted to obtain a one gram
system (Step 3). The adiabatic flame calculation is made for the gas
phase at the chamber pressure and temperature computed for the gas-

particle mixture (Step 1).

Equations (Cel) and (C+2) indicated the gas phase expansion process
to be non-isentropic. Hence the thermochemistry calculation must re-

flect this condition. This is accomplished in the following manner.

Equation (C-2) defines the change in gas total enthalpy as a function
of entropy change and particle velocity lags. A schedule of gas total

enthalpy changes can now be defined by the relation
HGi= HC+AHi; i=1l,n (C+4)

The values of A.Hi are defined to cover the expected change in gas total

enthalpy for a giver analysis.

Figure C-2 shows a typical schematic of an H-S diagram for gas-
particle flows. Each point HG.’ Pc defines a particular point on the
diagram from which the flow cin be isen: pically expanding for the
corresponding value of Sl' However, the flow is non-isentropic so that
for each HGi' Pc an expansion from one or more states defined by a
change in entropy must be made. This is depicted schematically in
Fig. C-2. Computationally this is accomplished by inputing to the
code a schedule of AH; and a corresponding change in entropy for each
AH;. The chamber calculation is made for the gas phase (Stgp 3,

C-4
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P_. COMPOSITION
H H H
Gl GZ c"'n
INPUT
l l HGi = HC + AH1
=77
| CEC l
—
CHAMBER CONDITIONS H . . Pc
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%
HG , Pc |
1 |
_ Ll |
z° | | |
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I b S,
P | 5y |
| IS, ) |
g 2 | I |
1 |
TYPICAL STREAMLINE

PATH THROUGH THERMO-
CHEMISTRY TABLE

Fig. C-2 - Schematic of Thermochemistry Table Construction
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Fig. C-1) and an isentropic exparnsion fromthe reference conditions
calculated for the number of entropy levels desired. These data are gene-
rated in tabular form as a function of AHi' .AS.i and Vi respectively

as indicated by the following schematic. This process is subsequently

Al
-

AS,~ v,
v H

! |

] ]

| Vi
Vi

Fig. C-3 - Schematic of Tabulated Thermochemistry Data

repeated for each AH;. Since for a chemical equilibrium analysis the
independent variables chosen are AH, AS and V the local thermodynamic
and transport properties at a given point in the flow are obtained ty

interpolating within the tables.
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Appendix D
SYMBOLS AND NOTATION

Symbol Description
Kn Knudsen number, dimensionless
M Mach number, dimensionless
N number of collisions per molecule required for the gas
to achieve relaxation
R gas constant, ftz/secz/oR
Re Reynolds number, dimensionless
Ro characteristic dimension of the flow field, ft
S distance along a streamline, ft

T temperature, °rR

v gas velocity, ft/sec

v mean molecular velocity, ft/sec
Greek

Y specific heat ratio, dimensionless

u viscosity, lbf-sec/ft2

p density, slt:lg/ﬁ:3

A mean free path, ft

PRECEDING PAGE BLANK NOT FILATD
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Amendix D
D.1 DETERMINATION OF THE LOCAL KNUDSEN NUMBER, Kn

The expansion of exhaust gases to very low back pressures results
in a decrease in the gas pressure and density. This inturn produces a
decrease in the number of intermolecular collisions. At some point,
the effect of intermolecular collisions will cease to be a governing factor
in determining the flowfield characteristics. The local Knudsen number
{Kn) is used to indicate the local flow regime, i.e., continuum, vibrationally
frozen, rotationally frozen or translationally frozen. The local Knudsen
number is defined as the ratio of the mean free path (which is a measure
of the average distance between intermolecular collisions) to a characte-

ristic dimension of the flowfield. Kn is given by this relation (Ref. D-1):

\'A 1 dT 1
o (3) ¢ 8

v
In the relation for Kn, the mean free path is represented by ?7\ and
the characteristic dimension is represented by T/—g—g . The method

employed here is to utilize the '"sudden freeze' approximation (Ref. D-1)
to determine when an energy mode freezes such that the gas temperature
cannot relax fast enough to n.intain the equilibrium rate of change. The
RAMP program computes a .ocal -1 at each mesh point and compares it
to l/Ni (the inverse of the collision number) to determine if the ith

energy mode has frozen.

Assuming that the mean moiecular speed V is determined by the

Maxwell distribution function

D-1
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V= (% R'r)l/z (Ref.D-2)

were R is the particular gas constant. Introducing the local Mach
number M, Kn can be written:

1/2

(%) :MA[E%—T-!] . d(m T) = 55 .

For rarefied gases the mean free path can be related to the viscosity 4

A= —E—  (Ref.D-3)
0.499pV

where P is the local gas density. Let S= g ,» Where R is the character-
istic dimension of the flowfield. Then dS = R dS. With the above relation

= f(it), and introducing the characteristic dzmensxon R0 Kn can be written:

2
_TYM K d(fn T)
Kn = 37299) (p‘v'R"‘o) 3

But the local Reynolds number Re is:

PVR
Re = m L
Therefore,
2
M difn T
= 0.25050 7 .
k= 025050 s P A0 T)

As a first approximation to the derivative i‘%—g , let
d

D-2
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dn T) _ M (Ta/'rzl
ds - o

so that the local Knudsen number, Kn as coded is given by:

2
- Y™ I T)-h T
Kn = 025050 = Re [ W—-z'

o]

The characteristic mesh is shown below to illustrate the flowfield
variables used to determine the local Knudsen number

Normal Line—i Characteristic Lines

[Known Da.ta] ~_

Surface

Streamline

D.2 NON-CONTINUUM FLOW REGIME CRITERIA

The criteria used by the RAMP program to determine the "freezing"
of particular energy modes is to compare the local Knudsen number (Kn)
with the reciprocal of the collision number. When Kn is equal to or
- greater than the reciprocal of the collision number for the vibrational,
rotational, or translational modes that par-ticular mode is considered to
be frozen. The freezing of the first two energy modes (vibrational and
rotational) represents a transitional computational region from the con-

tinuum to free molecular regimes. During this transitional period the

D-3
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gaseous flowfield calculation is performed using the characteristic
equations with the thermodynamic properties modified to reflect the
respective flow regime. That is, the gaseous ratio of specific heats
is altered to reflect the transition to a non-continuum regime. Once
the translational energy mode has frozen the flowfield becomes '"free
molecular." In this case the solution becomes a source flow solution

with a constant gaseous ratio of specific heats.

D.2.1 Non-Continuum Flowfield Gas Properties

The energy modes of the gaseous flowfield freeze one at a time
in order of increasing energy requirements. The vibrational mode
freezes first, the ratio of specific heats (gamma) is set to 7/5 and the
flowfield solution proceeds in the conventional streamline normal fashion.
See Ref. D-4 for the characteristics equations. The rotational mode
freezes next in which case gamma is computed as a function of
Kn (third order polynomial) and varies from 7/5 to 5/3. This flowfield
solution is not altered except for the determination of gamma. The
last energy mode to freeze is the translational mode. Once the trans-
lational mode has frozen, the flowfield is considered to be in the free
molecular regime. Gamma is set to 5/3 and is held constant. The
effect of the freezing of the three gaseous internal energy modes on the

gas ratio of specific heats is depicted pictorially in Fig. D-1.

Once the flowfield calculation has swi:ched to the free molecular
regime the gas streamlines remain straight and the gas velocity which
is directed along streamlines remains constant. The gas constant,
temperature, and flow angle also remain constant. The gas density
varies inversely as the streamtube area and the gas pressure is
obtained from the equation of state.
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Fig.D-1 - Variation of Gamma with the Local Knudsen Number

D.2.2 Non-Continuum Flowfield Particle Properties

If particles are present in the free molecular flowfield their status
is computationally very similar to the gas. Particle velocity, tempera-
ture, and enthalpy remain constant. The particle flow angle remains
constant, and the particles are directed along straight streamlines. The
particle and gas streamlines are not necessarily parallel. The particle

density varies inversely as particle stream tube cross-sectional area.
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Appendix E

In flow problems where the gas may be considered in equilibrium
(chemical and therinodynamic) at every point, two parameters are sufficient
to define any of the other thermodynamic variables, either by assuming a per-
fect gas or by utilizing the results of chemical equilibrium calculations of the
gases involv *d. If the gases cannot be considered to be in equilibrium, a
[ .at-by-po.it evaluation of its compositio.. via int: ;rating the individual
species continuity equatio.s is required. This appendix addresses the

prccedure utilized in the RAMP program to perform such calculations.

A detailed description of the rate processes that occur in rocket ex-
haust £'5ws requires that a myriad of mechanisms he considered to inciude
all the possible chemical reactions of dissociation, forination, recombination,
etc.

All of these, however, can be treated with a very general formalism.
In the forin usually quotec in chemical kinei.cs (Ref. E-1) the phenomeno-
logical law of mass action states that the rate of a reaction is proportional

to the product of the concentrations of the reactants. Thus, for a general
reaction of the form

N N
E.-:; A= z: vy A (E.1)
i=l i=1

the net rate of production ‘;Vi for any participating species for which the

stoichiometric coefficients '"i' and p;’ are not equal can then be written os

. N v{ N i
w = kf (. -kb 1 (CHhYi (E.2)
i=1 ! i=i !
E-1
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where Ci is the species concentration defined as Ci =p Fi with p being the
density and Fi being the species mol/maes ratio, respectively. Assuming

small deviations from equilibrium, the forward and backward reaction rate
constants, kf and kb. respectively, can be related to the concentration equi-

librium constant and to the pressure equilibrium constant as follows:

N
& v, -v
0 = K = K, (RT)'" (E.3)

The significance of the pressure equilibrium constant K_ is that it can be
easily evaluated for any reaction using tabulated values of K¢ the equilibrium
constant for formation from the elements. Values of Kf are commonly tabu-
lated in conjunction with specific heats, entropies and enthalpies as a function
of temperature, and are available in general for most species. An equally
convenient method exists for determining Kp from the change of free energy

accompanying the reaction, i.e.,

Kp = exp(-AG/ RT) {E.4)
where AG is the change in free energy during the reaction process. Free
energy values are also available for most species in tabular form. This

method is used to compute Kp in the RAMP program.

Using Eq. (E.3) to eliminate the backward rate constant from Eq. (E.2)

the general production rate equation can be written as

N
Z: wy' - v{)

. i ++ T) i
w = kf n‘(ci) - K_ .n.(ci) (E-S)
1~-4 » 1= ,
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Finaily, the net rate of production for any species participating in the
reaction, either as a reaciant or as a reaction product, is then given by

v = W - w (E.6)

Since most reaction systems involve numerous simultaneous reactions,
the net rate of production of species i usually equals a sum of terms. Thus,
for an aribitrary number of M simultaneous reactions, all involving species i,

M

w, = wi,k k=1,...,M {(E.7)

k=1

where v?ri K denotes the net rate of production of species i due to reaction k
’

only.

For reasons of computational speed and efficiency, the program con-
tains explicit expressicns, as obtained from Eq. (E.3), for the most commonly
encountered reaction mechanisms. 71 selve types of reaction mechanisms are
considered as possible contributors to the calculation of the net rate of pro-
duction, \iri:

Reaction type

(1,7 A+B = C+D
(2,8) A+B+M — C+M
.
(3,9) A+B = C+D+E
(4, 10) A+B = C (E.8)
{5,11) A+M = C+D+M
(6,12) A+M = C+M

} through {12} curcespend te reaction types (i) through

{
the forward direction only.

To reduce roundoff and truncation errors, the forward and backward

rates for each reaction are computed separately. All contributions to the

E-3
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molar rate of production of a given species are then computed and added
algebraically to form matrix coefficients (discussed later). Since reaction
types (7) through (14) proceed in the forward direction only, the second
term on the right-hand side of Eq. (E.5) is disregarded in calculating the

contributions to the coefficient matrix.

In reactions (2), (5) and (6) as well as in (8), (11) and (12), M denotes
a third body species which can be specified. For these reactions the situation
often occurs where for various third bodies the respective rate constants
differ only by a constant multiplier. These multipliers can be considered as
third body efficiencies or weighting factors. If such a case is encountered,
the third body species mole mass ratio FM becomes effectively a fictitious
mole mass ratio, consisting of the weighted sum over all those species having

a2 nonzero weighting factor, i.e.,
Fy - Zl: f Fiy, (E.9)
where fi are the weighting factors.
The forward rate constant, ke, is generally a function of temperature.

It is most often expressed in Arrhenius form. Again, for speed and efficiency

in computation, the rate constants are divided int»> five types:

Rate Constant Type

1 ke = A

(2) k, = AT

3) ke = A exp(B/RT) (E.10)
@) ke = AT exp(B/ R T)

(5) k; = AT expB/ % T™h

The equations presented in this appendix pruvide a very general forma-
li-m for the evaluation of various rate processes. The specification of par-

ticular systems and associated rate constants is up to the program user.

E-4
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Cor sidering now the general species continuity equation

-

09 - VG = w (E.11)
and meking use of the foregoing discussion of the rate process we now proceed
to de:ci1ibe a calculational technique for determining the individual species
compositinn «n a point-by-point basis. The description of this process is
substantially simplified if Eq. (E.5) is specialized to a particular reactica

type, say 1umber (7) from Eq. (E.8) which is a cne-way, two-body reaction.
A+B—C=+D (E.12)
the net production rate for this process is
w = k,p>F, F (E.13)
f A'B :
and the species continuity equation for species B then becomes
PT.VFy = k p®F, Fp (E.14)

which along streamlines becomes

oF 5 >
pa—5- = kp“F, Fp (E.15)

This equation can readily be solved using finite difference techniques
employing explicit relationships, such as Euler or more sophisticated schemes,
such as Runge-Kutta, The step size for integrating this equation however is
severely limited by stability criteria. It can be scen from Eq. (E.15) that'the
rate of change of a species along the streamline becomes increasingly larger
as the flow speed is slowed, ta: density increased, or for fast reaction rates.
In rocket engine problems, combinations of slow speeds, high densities and
fast reaction raies (i.e., quasi-equilibrium) are quite commeon and integration
step sizes so small (i.e., < 10°8 meters) are encountered that the solution

becomes impractical in terms of computation time.

E-5
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For this reason, the technique described in Ref. E-2 based on a lineari-
zation of the production rates was utilized. Writing Eq. (E.15) in finite differ-

ence form over a streamline step from station n to n+l.

. ASp F (E.16)

T A Baa

And evai. .t ag all the species concentrations at the downstream point results
in a set of simultaneous nonlinear algebraic equations. In order to solve

these equations we must then linearize the term F A Fa which is accom-
n+l n+l

rlished following the lead of Ref. E-2. If this term is expanded in terms of
its values at station n along with the increments over n to n+l we can obtain

the following expression.

Fo (E.17)

neglecting products ot differentials which are assumed to be of second order

importance. Equation (E.16) can now be written in its linearized form.
Let C = AS p/q

F = F -C [F F +F_F
Bn+l Bn An Bn+l B An+ll
] (E.18)
and F = F - C\F F_+F F
An+l An l An+l B Bn+l A
Equation (E.18) can then be expressed in terms of a set of unknowns and
calculable coefficients, C. Rewriting these we obtain
F = F -CF (F ) -CF (F )
An-l»l An An Bn-ﬂ Bn Aml-l
’ (E.19)
F = F -CF (F y-CF (F )
Bn-l-l Bn Bn An-l-l An Bn+l
E-6
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F (14CF_  )+(CF, F = F
An-l-’l Bn An Bn-l-l An
(E.19)
Cont'd
F (CF, )+(1-CF, )F = F
An-l-l Bn An Bn-l-l Bn
A matrix can now be formed using totally known information.
1+CFBn CFAn FAn-H FA
. 1 " (E.20)
CF 1-CF F “|F
£n An Bn-l-l Bn

The matrix [A] [X] = [B] is then solved for the unknown compositions F,
n+l
Fp via a triangulation technique. Although consuming more time per
ntl
integration step than an explicit formulation, the implicit technique employed

here is unconditionally stable permitting much larger step sizes. tiius ailowing
solutions to be obtained for problems where the small steps required by the
explicit technique prevented even the consideration of the case. F inally it
should be recalled that an extremely simple case was chosen only for purposes
of illustration and the general technique coded in RAMP handles many species

(see input guide) with multiple reactions.
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